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PREFACE. 



The prominence which the modem geometrical methods 
have recently acquired in the studies of the University of 
Cambridge, appears to justify the publication of a treatise 
devoted exclusively to these branches of Mathematics. 
This remark applies more especially to the method of 
Trilinear Co-ordinates, which forms the subject of the 
greater part of the following work. My object in writing 
on this subject has mainly been to place it on a basis 
altogether independent of the ordinary Cartesian system, 
instead of regarding it as only a special form of Abridged 
Notation. 

A desire not unduly to increase the size of the book 
has prevented me from proceeding beyond Curves of the 
Second Degree. 

I have introduced a short Chapter on Determinants. 
The great utility of these expressions in investigations 
connected with curves of the second degree will, I hope. 



VI PREFACE. 

be a sufficient excuse for the employment of a notation 
which has hitherto been hardly admitted into Cambridge 
text-books. I have, however, confined myself rigorously to 
the demonstration of such elementary properties as are 
required in the course of this work. I should be glad if 
the very slight sketch contained in Chapter III. should be 
the means of inducing any of my readers to refer to the 
original memoirs on this and kindred subjects. 

In this Second Edition several new articles have been 
added, especially in the latter part of the work, and the 
chapter on Reciprocal Polars considerably enlarged. 



K M. F. 



GoSVIIiLB AND C-^US COLLEGB, 

Au>gu9ty 1866. 
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TEILINEAR CO-ORDINATES. 

CHAPTER I. 

TRILINEAR CO-ORDINATES. EQUATION OF A STRAIGHT LINE. 

1. In the system of co-ordinates ordinarily used, tlie 
position of a point in a plane is determined by means of its 
distances from two given straight lines. In the system of 
which we are about to treat, tlie position of a point in a 
plane will be determined by the ratios of its distances from 
three given straight lines in that plane, these straight lines 
not passing through the same point. The triangle formed 
by these three straight lines is called the triangle of reference, 
its sides, lines of reference, and the distances of a point from 
its three sides will be called the trilinear co-ordinates of that 
point. We shall usually denote the angular points of the 
trig-ngle of reference by the letters Ay B, G, the lengths of the 
sides respectively opposite to them by a, J, c, and the dis- 
tances of any point from jB(7, C-4, AB respectively by the 

^ letters a, )9, 7. 

When two points lie on opposite sides of a line of re- 
ference, the distance of one of these points from that line may 
be considered as positive, and that of the other as negative. 
We shall consider a, the distance of a point from the line BG, 
as positive if the point lie on the same side of that line as the 
point A does, negative if on the other side ; and similarly for 
/8 and 7. It thus appears that the trilinear co-ordinates of 
any point within the triangle of reference are all positive ; 
while no point has all its co-ordinates negative. 

2. Between the trilinear co-ordinates of any point an 
important relation exists, which we proceed to investigate. 

ij^A denote the area of the triangle of reference, a, )8, 7, 
the trilinear co-oidinatea of any point, then 

Let P be the given point, and first suppose it to lie within 
F. 1 
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the triangle of reference (fig. 1). Join PA, PB, PC, and 
draw PD perpendicular to BG. Then PJD = a, and aa = twice 
the area of the triangle PBC. 

Fig. I. 




Similarly 5/8 = twice the area of PC A, 
cy = twice the area of PAB. 
Adding these equations, we get 

Next, suppose P to lie between AB, A C produced, and on 
the side oi BG remote from A (fig. 2). Then a will be 

Fig. 2. 




AREA OP THE TRIANGLE OP REFERENCE. 3 

negative, while y8, 7 are positive. Hence, twice the area PBO 
will be represented by — aa, and we shall therefore have as 
before 

aa + J^ + C7 = 2 A. 

Thirdly, let P lie between AB, A (7, produced backwards 
(fig, 3), so that )8, 7 are negative while a is |)ositive. Twice 

Fig. 3. 




the areas of PBG^ PGA, PAB, are now represented by 
aa, — 6/3, — cy respectively, so that we still have 

aa + Jy8 + C7 = 2A. 

In all cases, therefore, 

aa + JyS + C7 = 2A. 

The importance of the above proposition arises from its 
enabling ns to express any equation in a form homogeneous 
with respect to the trilinear co-ordinates of any point to 
which it relates. Any locus may be represented, as in the 
ordinary system, by means of a relation between two co- 
ordinates, ,S and 7 for example, and this may be made homo- 
geneous in a, fi, 7 by multiplying each term by ^ — ~ , 

1—2 
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raised to a suitable power. Thus, the equation /S'H- A7+ 1^=0 
is equivalent to the homogeneous equation 

4A"/3» + 2AA7 (aa + J/S + C7) + A;* (afl^ + J^ + 07)'= 0. 

; The following examples may familiarize the reader with 
this system of co-ordinates. 

1. Prove that the co-ordinates of the middle point of the 

A A 
line BC are 0, v- , — . 

2. The co-ordinates of the centre of the circumscribed circle 
are R cos--4, R cos B^ R cos G, where 

2A 



R = 



a cos A-hb cos B + c cos G ' 



3. The co-ordinates of the centre of the inscribed circle are 

each equal to r . 

^ a+6+c 

What are the co-ordinates of the centres of the escribed 
circles 1 

4. The co-ordinates of the centr^ of gravity are 

2A 2A 2A 
3i * 36 ' 3c * 

5. Prove that a sin -4 + )3 sin J? + y sin C is equal to -^ ; 
where R is the radius of the circumscribing circle. 

3. To find the distance between two given points, in terms 
of their trilinear co-ordinates. 

Let a^ )8i, 7j ; aj, /3g, 7,, be the co-ordinates of two given 
points, r the distance between them. 

Then, r^ will be a rational integral function of aj — a,*, 
A — ^2' 7i "%» ^^ ^^^ second degree* 

• This, if not aelf-evident, may be proved as follows : 

Let P, Q be the two given points. Join PQ, and draw PM, QM' perpen- 
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Again, since 

a\ + 1^^ + C7i = 2A, 

aofj + J^a + C73 = 2 A ; 

... a(a,-aJ+6(^,-/3J+c(7,-72)=0; 

c h 

••• (ai-«2)' = -5(7i-7i)(ai-«2)--K-a.) 03i-/3J. 

Similar expressions may be found for {/S^ — ^^^ (7i ""Ta)*' 
Hence, r' will be of the form . • 

dicular to il5, PiV, QiV' to ii(7. Draw Qw perpendicular to -Pif, Q» to PiV, 
and join mri. Then 



sin J. ' 
and Pn=^Pi - /Sg, Pnias7x - 7a ; 

Fig. 4. 




.-. m»«=(/3i-/3^« + (7i-7a)' + 2(i9i-ft) (71-72) cos J, 
^ (^1 - i98)*+ (71 - 7a)*+ 2(i8i - i8a) (71 - 72) C08 ^ 



whence r'= 



sin^^ 



a rational integral function of the second degree. 
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where I, m, n are certain functions of a, S, c, which we pro- 
ceed to determine. 

Since the values of Z, m, n are independent of the positions 
of the points, the distance of which we wish to find, sup- 
pose these points to be 5 and G. Then 

2A 

«i = ^j Pi'^-J^ 'yi = ^' 

r. 2A 

a2 = 0» ft = 0, 72 = - ; 

c 

also r = a. Hence 

, 72A 2A 

c 
db^c 



Similarly «n = — 



n = — 



4A'*' 

db<? 

4A^- 



Hence r» = - ^, {« (^^ - /S.) (7, - 7.) + 5 (7^ - 7J ("i - a,) 

+ c(a,-flO(A-^,)}. 

This is one form of the expiession for r*. It may also 
be proved in a similar manner that 

+ ccosO(7i-7a)*}. 

4. We next proceed to investigate the equation of a 
straight line ; and first, we shall consider the cases of certain 
straight lines bearing important relations to the triangle of 
reference. 

To find the equation of the straight line drawn through 
one of the angular points of the triangle of reference^ so as 
to bisect the opposite side. 

Let D be the middle point of the side BC^ we have then 
to investigate the equation of the straight line AD. 
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In AD take any point P, and let a, iS, 7 be its co-ordi- 




nates. From D, P draw DE, PG perpendicular to A (7, DF 
PH perpendicular to AB. Then by similar triangles 

pa : DE :: PH : DF. 

But DE.AC^DF.AB, 

for each is equal to the area of the triangle ABC. 

Hence PG.AG== PH. AB, 

or 5/3 = C7. 

This is a relation between the co-ordinates of any point 
on the line AD, it therefore is the equation of that line. 

Cor. It hence may be proved that the three straight lines, 
drawn through the angular points of a triangle to bisect the 
opposite sides, intersect in a point. For these straight lines 
will be represented by the equations 

J^=C7, ' 
oy = aa, 
aa = Jy3, 
and, therefore, all pass through the point for which 

aoL = h^ = cy. 
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In the next three propositions the reader will easily be 
able to draw a figure for himself, by comparison with fig. 5. 

5. To find the equation of the straight line drawn through 
one of the angular points of the triangle of reference^ perpen- 
dicular to the opposite side. 

Making a construction similar to that in the last proposi- 
tion, it will be seen that we have here 

-j^ = sin DAE= cos (7, 

DF 

■-J-TJ = sin DAF = cos jB; 

DE DF 



Hence 



cos C cos J?' 
PG PH 



cos G cos B ' 
. /, PGcosB^PHcoaC, 
or ^cs)sB = y cos C. 

This will be the equation of the straight line, drawn 
through A, at right angles to BC* 

Cor. It may hence be shewn that the three straight 
lines drawn through the angular points of a triangle, perpen- 
dicular to the opposite sides, intersect in the point determmed 
by the equations 

acos-4.=/8co3 5=7Cos (7. 

6. To find the equations of the internal and external 
bisectors of an angle of the triangle of reference. 

For the internal bisector of the angle -4, we shall have, 
making the same construction as before, 

pa=pn. 

The straight line will be therefore represented by the 
equation ^8 = 7. 
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For the external bisector we proceed as follows. Let Q 
be any point on the line, a, ^8, 7 its co-ordinates, c Draw QK 
perpendicular to A (7, QL to AB. Then, as before, we have 

Q^= QL. 

■ > 

It will however be observed, that if Q and B lie on the 
same side oi AG^ Q and G wiU lie on opposite sides of AB^ 
and vice versd. Hence, if 

We have therefore 

i8 + 7 = 

as the equation of the line A Qy which externally bisects the 
angle A. 

From the form of these equations we see, (1), Thlit the 
three internal bisectors of the angles of a triangle intersect 
in a point ; (2), That the internal bisector of any one anglej 
and the external bisectors of the other two, also intersect in 
a point, 

Thesfe points may be shewn to be respectively the centres 
of the inscribed and escribed circles. 

We shall hereafter prove that the points, in which the 
external bisectors of each angle respectively intersect the sides 
opposite to them, lie in the same straight line ; and also that 
the points in which the external bisector of any one angle, 
and the internal bisectors of the other two angles, intersect 
the sides respectively opposite to them, lie in the same 
straight line. 

7. We now proceed to investigate the general equation 
of a straight line. 

s Every straight line may he represented hy an equation of 
tJie first degree. 

Let Q be any point on the straight line -4 (7, jB on AB, 
and P any point on the straight line QR^ then we have to 
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investigate the relation between the co-ordinates (a, )8, 7) of 
the point P. 

Fig. 6. 




The property of the straight line, which we shall make 
the basis of our investigation, is, that it is the locus of a point 
which moves in such a manner, that the sum of the areas of 
the triangles PA Q, PAB is constant. 

Let AQ = ^, AR = r, then the areas of the triangles 
PAQ, PAB will be respectively represented by ^j^, ^ry, 

and the area of QAB by t- A. 

Hence ^^^^^^A 

This is the equation of the straight line QB, and, since it 
involves the two arbitrary quantities q, r, it is in the most 
general form of the equation of the first degree be.tween tw© 
variables. Putting 

ara , or or 

the equation may be written 

loL + m^ -1- 7?7 = 0. 
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8. We shall next establish the converse proposition, that 
every equation of the first degree represents a straight line. 

Fig. 7. 




Lat 



la. + m^ + wry = 



be the general equation of the first degree, and let/, g, k 
be the co-ordinates of any fixed point 2) on the locus of the 
equation, a, )8, 7 those of any point P. 

Draw DE, PM perpendicular to A G, DF, PN perpendi- 
cular to AB. Also draw Dm^ Dn, perpendicular respectively 
to PM, PN. 

Then Pm = 13 -g,^ Ph = y-h. 

Also, since f ^, A is a point on the locus, 

lf+ mg + nh = 0, 

whence I {oi'-f)+m (/3 — ,9) + n (y — h) = 0, 

Again, aa+hfi+cy = 2A, 

af+ hg + ch = 2A; 

... a(a-/)+J(/3-5r) + c(7-A)=0; 

bn — cm cl — an am — bl * 



• • 



> 



I 
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Hence, the ratio of Pm to Pn is constant, whatever point 
on the locus P may represent. This can only be true when 
that locus is a straight line. 

9. To find the co-ordinates of the point of intersection of 
two given straight lines, 

^ Let the equations of the two straight lines be 

h. + TwyS + ^7 = 0, 

Z'a + wy9+w'7=0. 

Where these intersect, w& have 

« _ ^ ^ 7 
mn — mn nV — nl Iw! — I'm * 

These equations, combined with 

aa + Ji34-C7=2A 

give the values of a, ^, 7, at the point of intersection. 

10. To find the equation of the straight line, passing 
through two given points, 

I^* f^ g^^'i /> 9'y ^'> ^® *^^ co-ordinates of the two given 
points, and suppose the equation of the required straight line 
to be 

Za + Jlf/3 + iV7 = 0. 

We must then have 

i/+% + JVX = 0, 

Lf+Mg'+Nh'=0; 

whence 

L . M N 



gh'^g'h hf--hf fg-'fy 
giving, as the equation of the required line, 

{gh' -g'h)a+ {hf -h-/)^ + {fg' -fg) 7 = 0. 
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11, To find the general equation of a straight line, pass- 
ing through the point of intersection of two given straight tines. 

If the equations of the straight lines be 

la + m^ + W7 = 0, 

Va + m!^ + n 7 = 0, 

every straight line, passing through their point of intersection, 
may be represented by an equation of the form 

la + m^ + W7 = Ji; (Z'a + m^ + w'7), 

where yfe is an arbitrary constant. For this equation is satis- 
fied when the equations of the given straight lines are both 
satisfied, and, being of the first degree, it represents a straight 
line. It is therefore the equation of a straight line passing 
through their point of intersection. 

12. To find the condition that three points may lie in the 
saane straight line. 

Let «!, iSj, 7/, a,, /Sj, 7a; Os' ^8> 78> ^® ^^^ co-ordinates 
of the three given points, then, if these points lie in the same 
straight line, suppose the equation of that line to be 

Xa + fi^ + 1^ = 0. 
Then \, ft, v must satisfy the following equations : 

Xofj, + /x^Sg + ^72 = 0, 

^«8 + /^^8+^8 = ^» 

whence, eliminating \, fi, v, by cross multiplication, 
the required condition. 
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13. To find the condition tJiat three straight lines may 
intersect in a point. 

Let the equations of the straight lines he 

l^a + mfi + n{f = 0, 
l^a + Wjj/8 + n/y = 0, 
Zga + mg/3 + n^y = Q. 

If thes§ three straight lines intersect in a point, the above 
three equations must be satisfied by the same values of 
a, ^, 7. This gives, eliminating a, /8, 7 by cross-multipli- 
cation, 

the required condition. 

The identity of form between the conditions that three straight 
lines should intersect in a point, and that three points should lie 
in a straight line, is worthy of notice. Its full geometrical mean- 
ing will be seen hereafter. 

We shall sometimes, in future investigations, speak of the 
straight line represented by the equation la + m^ + ny = 0, as the 
straight line (Z, m, n). Adopting this phraseology, it will be seen 
that the condition that the three points (Ij, m^, nj (1^^, m^, n^) 
(Ig, m,, Ug) shotdd lie in the same straight liifie, is the samie as the 
condition tliat the three straight lines (1^, m^, nj (1^, m^, n^) 
(Ig, mg, nj shouM intersect in a point, 

14. To find the condition that two straight lines may he 
parallel to one another. 

Let the equations of the two straight lines be 

laL + ml3 + ny = (1), 

Za + m'/3 + w'7 = ..(2). 

Let (/, g, h) (a, ^8, 7) be the co-ordinates of any two points 
in (1), 

(/', a', K) (a', P, 7*) be the co-ordinates of any two points 
in (2). 
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Then the condition of parallelism requires that 

Also, recurring to the investigation of Art. (8) , fig. 7, 

bn — cm cl — an am — bl ' 

a'-f ff-g' _ y'-h' ^ 
bn — cm cV — an* am' — bV ' 

Hence, the required condition of parallelism is 

bn — cm __ cl — an __ am — bl . . 

bn —cm' cl'—an' arri — bV ^ '* 

These two equations are equivalent to one only, since they 
may be written in the form 

n m I n m I 
c b a c b a 



n m L n m L 



c b a c b a 



where it will be seen that the equality of any two members 
implies that the third is equal to either of them. 

Multiplying the numerators and denominators of the 
several members of (3) by Z', m', n' and adding, we obtain 
the condition under the form 

[mri-m'n) a+inl'-n'l) b + (?m'- I'm) c = (4). 

This is the necessary condition of parallelism, and is 

f;enerally the most convenient form which can be employed, 
t is equivalent to 

{mn — m'n) sin A + {nV — n'l) sin B + {Im' - I'm) sin C7 = 0, 

a form which we shall occasionally use. 

It will be observed that this condition is the same in 
form as that which results from the elimination of a, /8, 7 be- 
tween the equations 
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la + m^ + W7 = 0, 
Z'a+m')8+w'7 = 0, 
aa + J/3 + C7 = 0. 

The last of these is, as we know, an^ equation which 
cannot be satisfied by any values of a, y8, 7, since, as we have 
already proved (Art. 2), aa + J^ + 07 = 2 A. , Hen<^ the equa- 
tion (4) may be looked upon as an expression'^of the fact that 
the two equations 

Icf. + m^ + 717 = 0, 

Va + mp + n 7 = 0, 

cannot be simultaneously satisfied by any values of a, /8, 7, 
or, in other words, that the two straight lines represented by 
them do not intersect, which is known to be a necessary con- 
dition of their parallelism, and also a sufiicient condition, since 
the two straight lines are in the same plane. 

Although, however, no values of a, yS, 7 exist which will 
satisfy the equation aa -f 6^8 + 07 = 0, yet we can always satisfy 
the equation la. + wyS + 717 = 0, where the ratios I i m \ n ap- 
proach as nearly as we please to the ratios a \h : c. 

By referring to the investigation of Art. (7) it will be 
seen that, j, r, denoting the distances from -4, of the points 
in which the straight line (Z, wi, n) cuts A G, AB respectively, 

ara , or or 



whence 



be ' c ^ '"' b 

b he ^m c be ^n 
a ar I ^ a aq I 



c ^ am b ^ an 
or - = 1 — — - -=l y. 

r ol q cl 

It hence appears, that by making the ratios I \ m : n suf- 
ficiently nearly equal to the ratios a i b : c^ the values of q 
and r may be made as great as we please, in other words, 
that the straight line (Z, m, n) may be removed as far as we 
please from the triangle of reference. The limiting position^ 
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therefore, to which the straight line (1, m, n) continually ap- 
proaches^ and with which it ultimately coincides^ when the 
ratios 1 : m : n continually approach to, and ultimately co- 
incide withy the ratios a. : h : c, is a straight line altogether 
at an infinite distance. 

This* is often expressed by saying that the equation 

aa + J^S + C7 = 0, 

or the equivalent equation 

a sin -4 +)8 sin jB+ 7 sin (7 = 0, 

represents the straight line at infinity. 

This phraseology is very convenient, and free from objec- 
tion, if the conventions on which it is adopted be clearly un- 
derstood. It is, however, desirable that attention should be 
called to the fact, that the equation 

aa + 5)8 + C7 = 

is, in itself, impossible, — in fact, a contradiction in terms, — 
and can only be admitted as a limiting form to which possi- 
ble equations may continually tend. 

15. To find the equation of a straight line, drawn through 
a given point, parallel to a given straight line. 

Let (Z, m, ri) be the given straight line, [fi, g, h) the given 
point, then the equation of the required straight line will be 

la + wyS +ny _ aa + b^+cy 
1/+ mg + nh'^ af+ bg+ch' 

For this straight line passes through the point {f, g, h), and 
does ngt intersect the straight line {I, m, n) ; since, if it did, 
we should have aa + b^ + 07 = 0. 

Since af+ bg + ch = 2A, this equation may also be written 
F. 2 
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Cor, The general equation of a straight line parallel to 
(7, w, n) is 

la + mfi + ny = Ic {aa + h^ + crf)y 
where ^ is an arbitrary constant. 

16. To find the inclinations of a straight line, drawn 
through one of the angular joints of the triangle of reference, 
to the sides which intersect in that point. 

Let the equation of the straight line AP be 

Fig. 8. 




and let be its inclination to AD, the internal bisector of the 
angle A. 



Then 



whence 



i.(i+«) 



sin 



sin 



Hi-') 






tan^ ft — y ^ 

. A^fi + v' 
tan- 



CONDITION OF PEBPENDICULAEITY. 19 

A 



tan^ 



_ /i sin ^ 
"" 1/ + yx cos -4 ' 

Similarly, tan ( ^ — — ) = ; 7 . 

Hence, the inclinations of the given straight line to -4 J5, A C, 
are determined. 

17. To find the condition that two given straight lines may 
he perpendicular to one another* 

Let {I, m, n), (Z', m\ n') be the two given straight lines. 
Through A draw two straight lines parallel to them. These 
will be represented by the equations 

(ma — lb)^+ {na — ?c) 7 = 0, 

{m'a-l'l)^ + {ria-Vc) 7 = 0. 

And these straight lines must be at right angles to one an- 
other. 

If 6^ ff be the respective inclinations of these straight lines 
to the internal bisector of the angle -4, then, by the result of 
the last article, 

tan ?= ;, { — ) ^77- tan ~ , 

\Lc — na) + \ina — to) 2 

^ _ [Vc — w'a) — (ma — I'h) A 
t^^ ^ " (I'o - n'a) + im'a - Z'i) ^^ 2 ' 

And, if these be at right angles to one another, 

l+tan^tan^=:0. 
Hence 

(Zc — na) (I'c — n'a) + (ma — ZJ) (m'a — Z'J) 

+ {(Zc - na) {m'a - Z'J) + {ma - ZJ) (Z'c - n'a)} cos -4 = ;. 

2-2 



20 MODERN GEOMETRT. 

/. ir {h' + c* — 2hc COS A) + mma^+ nn'a^ 

— {mn' + m'n) a' cos A — (nV + n'l) {ac — a6 cos -4) 

— {Im! + Z'w) (aJ — ac cos -4) = 0, 

which, since V + (?-'2bccosA='a\ c — J cos -4= a cos -B, 
& — c cos A = a cos (7, reduces to 

It+mm'+nn!— {mn!-\-m!n) cos^— (nZ'+n'Z) cosjB— {Im'+l'm) cos C=0, 

the required condition. 

18. To Jlnd the perpendicular distance Jrdm a given point 
to a given straight line. 

Let (/, g^ h) be the given point, (?, m, n) the given straight 
line^. Then, if a and r be the distance from A, of the points 
whiere this straight line meets A C, AB, respectively, we have 
shewn (Art. 7) that 

1 _ 1 na 

1_ i ma 
7'"~c Ibc ' 

Now, let a' denote the distance from (/, g^ h) to (Z, m, n). 
Then 

{^ + r' — 2^^ cos u4)* a'\-qg+ rh = ^ {afi- hg + ch), 

n 1 2cos. i!l\^ ,_ a/+5y + cA ^y ^ 
Vg* r* qr J ^ be r q 

And from the values of q and r 

1 cos -4 1 cos -4 , -. a 



r 



_ a (Z cos J? + m cos ^ — n) 

Ibc 
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o. .1 1 1 cos^ a(lcoa C-{-ncosA^m) 

Bimilarly = — ^ == ; 

^ r q Ibc 

+ (& — ma) {I cos (7 + w cos ^ — ?n) [ 



a 



= 7212-8 {P (c COS J5 + J COS (7) + m^a + n'a — 2mna cos -4 

^ wZ (c + a cos 5 — J cos A) -^lm(h^G cos -4 + a cos (7)}, 
which, by reduction, is equal to 



a' 



^272-2 (?+ w'+w* — 2mwcos:4. — 2n?cos J?- 2?m,cos C). 
Hence 



a' = + 



Z/^+ mq + nil 



{l"^ + m* + 71* — 2mn cos ^ — 2/iZ cos J5 — 27w cos (7 )* ' 

the required expression. 

It will he observed, that the numerator of this expression 
vanishes if the point (/, g, h) lie upon the line (Z, m, n), as 
manifestly ought to be the case. 

It will also be remarked, that the more nearly the ratios 
I : m : n approach to the ratios a : b : c, the less does the 
denominator of the above fraction become, and the greater, 
therefore, the distance from the point to the line ; which is 
in accordance with the remark made in Art. (14). 



Examples. 

1. Find the equation of the straight line joining the middle 
points of two sides of the triangle of reference ; and thence prove 
that it is parallel to the third side. 
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2. Find the equations of the straight lines, drawn through the 
several angular points of the triangle of reference, respectively at 
right angles to 

f + 3: = 0, ^ + !^ = 0, ^4 = 0; 
c a <b 

and thence prove that they intersect in a point. 

3. If be the angle between the two straight lines (?, w, n) 
(X, ft, v), prove that 

^ ^ _ ZX + m/t + nv—(mv + niji) cos A — {nk 4- Iv) cosB — (Ifi + m\) cos (7 
~ (mv — nfi)8mA + {nk'~lv)sinB + {lix — m\)BiaG 

4. On the sides of the triangle ABG, as bases, are constructed 
three triangles A^BC, AB^C, AB(7, similar to each other, and so! 
placed that the angle BA'G = B^AG = BAG', GB!A = CBA = GBA\ 
ACB = A'GB = AGB". Prove that the straight Hnes AA\ BE, GG" 
intersect in one point. 

5. Prove that the straight line, joining the centre of the 
circle inscribed in the triangle ABG, with the middle point of the 
side BG, is parallel to the' straight line joining A with the point of 
contact of the circle touching BG externally and AB, AG produced. 

6. On the sides BG, GA, AB of the triangle ABG, respectively, 
pairs of points are taken, B , G^; G , A^; A^, B^; such that the 
points of intersection of BC with ^^G^, .of GA with G^A^^y and of 
AB with A^B lie in a straight line ; BG^, GB^ intersect in Z ; 
GA^, AG, in M; AB,, BA^ in K Prove that AL, BM, GJST inter- 
sect in one point. 

7. From the vertices of a triangle ABG, three straight lines 
AP, BQ, GR are drawn to pass through one point, and three 
straight lines AP', BQ', GB! to pass through another point, the 
points P, F lying on BG, Q, Q' on GA, R, Rf on AB ; BQ, GR 
meet AF in D„ Z>, ; GR, AP meet BQ' in E,,E^', AP, BQ meet 
GR in F„ F^ ; GD„ BD intersect in L ; AE,, GE^ in Jf ; BF„ 
AF in N. Prove that AL, BM, GN intersect in a point. 
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Anharmonic Eatio. 

s 

19. We shall introduce, in this place, a short account of 
harmonic and anharmonic section, as a familiarity with this 
conception is useful in the higher geometrical investiga- 
tions. 

Def. 1; If .OP, OQ, OR, 08 he four straight lines in- 
tersecting in a point, the ratio 

smPOQ.ainROS 
Bin F08. sin QOM 

is called the anharmonic ratio of the pencil OP, OQ, OR, 
OSy and is expressed by the notation {0 . PQRS}^. 

Def. 2. If P, Q, R, 8 be four points in a straight line, 

the ratio p^* p is called the anharmonic ratio of the range 
l^o. QIC 

P, Qy Ry 8y and may be expressed thus [PQR8]. 

In using these definitions, attention must be paid to the order 
in which the lines or points follow one another. Thus, the an- 
harmonio ratio of the pencil OP, OR, OQ, OS, ia different from 
that of the pencil OP, OQ, OR, OS, the former being equal to 
sin POR . sin QOS ... ^ . sin POQ . sin ROS 
^POS. Bin QOR* *^^ ^**^^ ^ sin POS. sin QOR ' 

Def. 3. If any number of straight lines, intersecting in 
a point, be cut by another straight line, the straight line 
which cuts the other^is called a transversaL 

20. Prop. If four given straight lines, intersecting in a 
point O, he eut hy a transversal in the points P, Q, R, S, the 
anharmonic ratio of the pencil OP, OQ, OR, OS, will he egual 
to that ofihe range P, Q, R, S. 

* This notation is due, I believe, to Dr. Salmon. See his Conic Sections, 
p. 273 (third edition). 
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Fig. 9. 




For 



And 



Bin PO Q _ Bin POQ sin OPS 
sin P08 ~ sin OPQ'avaPOS 

_PQ 08 
~OQPS' 

s in BOS _ &mROS sin OEQ 
BinQOE" fiin 0B8' sin QOM 

_B8 OQ 
" 08' QR' 

sinPOQ.BmROS PQ.R8 
•*• BinP08, sin QOB ".PS. QR ' 

Thus the proposition is proved. 

Cor. 1. It appears, from the above proposition, that if a 
pencil be cut by two distinct transversals in P, Q, R, 8 and 
P', Q^ Rf, 8' respectivelv, the anharmonic ratio of the range 
P, Q, Ry 8 will be equal to that of the range P, Qf, Ry 8\ 
since each is equal to that of the pencil. OP, OQ^ OR^ 08. 

Cor. 2. It appears also that, if four points P, Qy -B, 8y 
lying in a straight line, be joined with each of two other 
points 0, O'y the anharmonic ratios of the pencils OP, OQ, 
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ORy OS; OF, OQ, OB, 08, will be equal to one another, 
since each is equal to that of the range P, Q, M, 8, 

21. Def. a pencil, of which the anharmonic ratio is 
unity, is called an harmonic pencil. 

A range, of which the anharmonic ratio is unity, is called 
an harmonic range, and the straight line, on which the range 
lies, is said to be divided harmonically. 

From what has been said above, it will be seen that, if an 
harmonic pencil be cut by a transversal, the four points of 
section will form an harmonic range. And if four points, 
forming an harmonic range, be joined with a fifth point, the 
four joining lines will form an harmonic pencil. 

The line 08 is said to be a fourth harmonic to the pencil 
OP, OQ, OR] and the point >S to be a fourth harmonic to 
the range P, Q, R. 

The term harmonic is employed on account of the cir- 
cumstance, that if the points P, Q, R, 8 form what is above 
defined as an harmonic range, PR :will be an harmonic mean 
between PQ and PS. 

For PQ.RS^PS. QR; 

/. PQ[P8''PR)^P8{PR-PQ)) 

/. PQ : PS :: PR'-PQ: PS -PR, 

whence PQ, PR, PS are in harmonical progression. 

From the above proportion it appears that if PQ = QR^ 
P8=co. . Hence, if PR be bisected in Q, the fourth har- 
monic to the range P, Q, R is infinitely distant. Or, as it 
may otherwise be stated, if PR be bisected in Q, and P, 
Q, R be joined with any point 0, not in the line PR, the 
fourth harmonic to the pencil OP, OQ, OR, will be parallel 
to the transversal PQR. 

22. Prop. The external and internal htsectors of any 
angle form, with * the lines containing the angle, an harmonic 
pencil. 
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Fig. lo. 




Let the angle FOR be "bisected internally by OQ^ let 
PO be produced to any point P', and let the angle P'OR be 
bisected by 0/S, then 

sin POQ = sin QOB, 

sinPO;S'=sinP'0>Sf 

= sin BOS; 

sin POQ. sin BOS 
•'• sinPO/S.sinCO^- • 

Hence the truth of the proposition. 



23. Prop. If ABC he the triangle of reference, and 
AD, AE straight lines respectively represented hy the equations 



^-foy = 0, /3 + A;7 = 0, 



y 



then 7^ wUl he the anharmonic ratio of the pencil AB, CA, 
AD, AE. 
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D C 

Let JBC cut AD, AE respectively in 2?, E, then since D 
is a point in the line iS — Aj7 = 0, 

^i? _ £s.ABD _cy _ c 
GI)'^AAGI)'~b^'^bk' 

and since Eia a point in the line j3 + k'y = 0, 

BE^ AABE _ cy _ 
CE AACE''-bff''bk'' 

. BD.CE Jd 
•• BE.GD^ k' 

or -r is the anharmonic ratio of the range 5, D, C, E\ that 
is, of the pencil -45, -4i), A C, AE, 

Cor. It hence follows that the straight lines respectively 
represented by the equations fi=0,^-'ky=Oy 7=0, fi+ky=0^ 
form an harmonic pencil. 

24. Hence we deduce a geometrical construction for the 
determination of the fourth harmonic to three given inter- 
secting straight lines. 

Let AB, AD J AG he three given intersecting straight 
lines, and let it be required to find a straight line AE, 
such that ABj AD, A G, AE shall form an harmonic pencil. 
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Fig. 12. 




Through i>, any point of the second of the three given 
straight lines, draw two transversals BDC^ B'DG\ cutting 
AB in jB, J?', AG :m G, G[ respectively. Join BG, BG', 
and produce them to meet in J?. Join AE, then AJS shall 
be the fourth harmonic required. 

For, let ABG be the triangle of reference, and let the 
equation of AD be )8 — ^7 = 0. Let the equation of B' O be 

Then that of BG' Is Xa-fcy =0, 

B'G ...Xa+ /8 = 0, 

.* AE ... /3+ fcy = 0, 

whence AE is the fourth harmonic required. 

> • 

25. PfiOP. If ABC he a given triangle^ P any given 
point ; and AD, the fourth harmonic to AB, AP, AC inter- 
sect BC iw D; BE, the fourth harmonic to BC, BP, BA 
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intersect CA m E ; CF, the fourth harmonic to CA, CP, CB, 
intersect AB in F ; then D, E, F lie in the same straight line. 

Let f, a, hhe the co-ordinates of P. Then the equation 
of AP is 

Kg. 13. 




whence that of AJD is 



7 * 



= 0. 



Similarly, that of 5JE? is | + ^= 0, 



f 9 



= 0. 
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From the form of these equations it will be seen that 
the straight line 

f 9 ^ 

passes through i>, E^ F. Hence these three points are in a 
straight line. 

Cor. The converse proposition to that above enunciated 
may be demonstrated by similar reasoning. 

The point P, and the line DEFy may be called Jiarmcmtcs 
of one another with respect to the triangle ABO. 

By combining the proposition last proved with that 
proved in Art. (22), we shall obtain a demonstration of 
the statements made in Art. 6 ; that the points in which the 
external bisectors of each angle of a triangle respectively 
intersect the sides opposite to them, lie in the same straight 
line; and that the points in which the external bisector of 
any one angle and the internal bisectors of the other two 
angles, intersect the sides respectively opposite to them, lie in 
the same straight line. 

These straight lines will be respectively represented by 
the equations, 

7 + a-y3 = 0, a + /3-7 = 0. 



On Involution. 

26. Defs. Let be a point in a given straight line, 
and let • 

P,P',Q,q,B,E 

be a series of points on that line so taken that 

op.op''=OQ.oq=OB.oB;= 

= a constant. A? suppose. 
Then these points are said to form a system in involution. 

If jff^ be a point such that OK^ =? i*, JK' is called a focus 
of the system. 
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If If be positive, there will evidently be two such foci, 
one on each side of 0, if negative (and h therefore imagi- 
nary) there will be no real foci. 

The point is called the centre of the system. 

Two points, such as P, P', are said to be conjugate to one 
another. 

It is evident that each focus is conjugate to itself, and 
that the conjugate of the centre is at an infinite distance, 
and that a point and its conjugate will be on the same, or 
different sides of the centre, according as the foci are real or 
imaginary. 

The system will be determined when two foci, or a centre 
and focus, are given. It will also be determined if two pair 
of conjugate points be given ; as may be seen as follows. 

Let /?, y, g^, q be the respective distances of the four 
points from any arbitrary point on the line, x the di^ance of 
the centre from the same point. 

Then, by definition, 

(;?-aj)(/-ic) = (2-a:) (j'-a:); 

which determines the centre. 

27. Prop. The anharmonic ratio of four points is equal 
to that of their four conjugates. 

For, i{ OP =p, OQ = q, OB = r, OS = s. 
then [PQBS] = ksz^l^ , 



and [P'Q'FS'] 



\q pj \s rj 



_ W PJ\S 



V« p) \r qj 
^ (j>- g)(r-a) 

= [PQB8], 
which proves the proposition. 
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Cor. It is evident that [PQRF'] = [P' QfB'P]. 

28. Prop. Ant/ two conjugate points form^ with the two 
foci, an harmonic range. 

Let K^K^ be the foci, then 

thenZ;P.Z,P'=(^-^)(| + A;)=|(/-i'), 

and^,P'./r,P=(^-^(i+^)=|(/-A:p; 

.-. K.P.KJP'^K.F.KJP, 

or the four points in question form a harmonic range. 

Conversely, if there be a system of pairs of points in a 
straight line, such that each pair forms, with two given points, 
an harmonic range, the aggregate of the pairs of points will 
form a system in involution, of which the two given points 
are the foci. 

29. A system of straight lines, intersecting in a point, 
may be treated in the same manner as a system of points 
lying in a straight line, the sine of the angle between any 
two lines taking the place of the mutual distance of two 
points. From the proposition, proved in Art. 20, it will 
follow that, if a system of straight lines in involution be cut 
by a transversal, the points of section will also be in invo- 
lution. 
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CHAPTER 11. 



SPECIAL FORMS OP THE EQUATION OF THE SECOND DEGREE. 

1, We now proceed to the discussion of the curve repre- 
sented "by the equation of the second degree. We shall first 
prove that every curve, represented by such an equation, is 
what is commonly called a conic section ; and then, before 
proceeding further with the consideration of the general equa- 
tion, shall investigate the nature of the curve corresponding 
to certain special forms of the equation. 

Prop. Every curve represented hy an eqtiaiton of the second 
degree is cut by a straight line in two points, real, coincident, 
or imaginary. 

The general equation of the second degree is represented 
by 

tia* + v/y + vr/ + 2u' ^ + 2v ya + 2w al3 =^0. 

To find where the curve, of which this is the equation, is cut 
by the straight line 

loL + m^+nrf=:0, 

we may eliminate a between the two equations. This will 

give us a quadratic for the determination of — , to each of the 

two values of this ratio, real, equal, or imaginary, one value 
of a will correspond ; whence it appears that the straight line 
and the curve cut one another in two real, coincident, or 
imaginary points. 

Hence, the curve is of the same nature as that represented 
by the equation of the second degree in Cartesian co-ordinates, 
and is, therefore, a conic section. 

F, 3 
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2. We shall now inquire what are the relations of the 
conic section to the triangle of reference, when certain rela- 
tions exist among the coefficients of the equation. 

First, suppose u, v, w^ aU = 0. 

The equation then assumes the form 

w'/87 + v^a + waP = 0, 

which we shall write 

Now, if in this equation we put a= 0, it reduces itself to 

X/37=0, 

which requires either that )8 = 0, or that 7 = 0. 

It hence appears that the curve passes through two of the 
angular points {B, (7) of the triangle of reference. It may 
similarly be shewn to pass through the third. Hence the 
equation 

X/87 + firya + vafi = 0, 

or, as it may also be written, 

a P 7 
represents a conic, described about the triangle of reference. 

3. Let us now inquire how the line 

is related to this conic. 

If in the equation of .the conic we put - + - = 0, or, 

which is the same thing, /Lt7 + i;^ = 0, it reduces to X)87 = 0. 

B 7 
Hence the line — + - = meets the conic in the points in 

which it meets the lines /8=0, 7 = 0; but these two points 
coincide, since the line in question evidently passes through 
the point of intersection of /8 = and 7 = 0. Hence the 
straight line and the conic meet one another in coincident 
points, that is, they touch one another at the point A, 
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Similarly, the equations of the tangents at B and C are 



V \ 



4. To determine the position of the centre of the conic. 

Through the angular points A, B, O of the triangle of 
reference draw the tangents EAF, FBD^ D CK Bisect 

Fig. 14. 




A Gy AB respectively in H, /, join .EH", FI, and produce 
them to intersect in 0. Then, since every straight line 
drawn through the intersection of two tangents so as to bisect 
their chord of contact passes also through the centre, will 
be the centre of the conic. 

3—2 
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Now, at the point E^ we have 

and at the point S 

y8 = 0, oy = aa. 

Hence the equation of EH is 



vc \X fij \a\fi vj* 



Similarly that of FI is 



la Xji v) fib \v X/ ' 



Hence, at the point 0, 

* 

\a\fi v) fib \v \J vc\\ fiJ* 
a /8 2 

\ fl V 

These equations determine the position of the centre. 

Cor. We may hence deduce the relation which must 
hold between X, fi, v, in order that the conic may be a para- 
bola. For, since the centre of a parabola is at an infinite 
distance, its co-ordinates will satisfy the equation 

aa + bfi + oy = 0. 

We hence obtain the following equation : 

XV + fi^V + i^c^ — 2fivbc — 2p\ca — ^fiah = 0, 
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whiclL is equivalent to 

± o^y ± (a*j)* ± w» = 0, 

as the necessary and sufficient condition that the conic should 
be a parabola. 

5. To determine the condition that a given straight line 
may touch ike come. 

If the conic be touched by the straight line (Z, m, w), the 
two values of the ratio /8 : 7, obtained by eliminating a 
between the equations 

X^y + fji/ya + vafi = 0, 

la + m/3 + W7 = 0, 

must be coincident. The equation which determines these is 

-X?/37+ 0x7 + ^/3) (w/3 + n7)=0, 
and the condition that the two values of /8 : 7 be equal, is 

4ifin . vm — (jim +vn — \Z)* = 0, 

or X*? + /aW + i/V — 2/ip . mn — 2vK . nl — 2\fi . ?w = 0, 

which is equivalent to 

± M* ± (jimy ± {my = 0. 

If this be compared with the condition investigated in 
Art. (4) that the conic may be a parabola, it will be observed 
that the parabola satisfies the analytical condition of touching 
the straight line aa + J/8 + C7 = 0. This is generally ex- 
pressed by saying that every jpardbola touches the line at 
infinity. 

6. To investigate the equation of the circle, circumscribing 
the triangle of reference. 

This may be deduced from the consideration that the 
co-ordinates of the centre of the circumscribing circle are 
respectively proportional to cos -4, cos B, cos C (see p. 4). Or 
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it may be independently investigated as follows. Draw EAF^ 
FAD^ DAE (fig. 2), tangents to the circle, then the angle 
BAG is equal to ABG^ and FAB to AGE (Euc. III. 32). 
Hence the equation of the tangent EAF must be 



/3 



+ --■ 



sin B sin G 
Fig. 15. 



= 0. 




or 



1+5^=0. 



Similarly the equations of the other tangents FBD^ DGE 



are 



c a 

- + ? = 0; 
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and, comparing these with the forms of equations of the 
tangents given in Art. (3), we see that the equation of the 
circumscribing circle is 

a h c ^ 

or, as it may also be written, 

sin A sin B sin (7 ^ 
a p y 

7. Having thus discussed the equation of the conic, cir- 
cumscribing the triangle of reference, we may proceed to in- 
vestigate that of the conic which touches its three sides. The 
condition that the conic 

wa*+ v0^ + vr/ + 2u' j3y + 2vyoL + 2w?' 0/8 = 0, 

may touch the line a = is, that the left-hand member of the 
equation obtained by writing a = in the above may be a 
perfect square. This requires that 

or m' = + {vwy. 

Similarly, v' = ± {wu)\ 

to* = ± {uv)\ 

are necessary conditions that the conic should touch the lines 
^ = 0, 7 = 0. 

We must observe, however, that if the conic touch all 
three of the sides of the triangle of reference, the three double 
signs in the above equations must be taken all negatively y or 
two positively and one negatively. For, if they be taken 
otherwise, the left-hand member of the equation of the conic 
will become a perfect square, as may be ascertained by sub- 
stitution, and the conic will degenerate into a straight line, 
or rather into two coincident straight lines. 
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Taking then the double signs all negitively, and writing 
for convenience, Ij^ J/*, ^', instead of w, t?, w^ the equation 
of the conic which touches the three sides of the triangle of 
reference becomes 

which is equivalent to 

± [Laf ± (3f/3)» ± (iVV)* = 0. 

It may be remarked, that the condition that the point 
(?, m, n) should lie in the above conic, is the same as the con- 
dition that the straight line (Z, w, w) should touch the cir- 
cumscribing conic 

i^7 + J[f7a -f iVa/9 = 0. 
See Art. 5. This we shall return to hereafter. 

8. To find the centre of the conic. 

Let Dj Ey F}yQ the points of contact of the sides BC^ 
GA, AB respectively. Join EF, FD, BE, bisect FB, BE in 
Hy J, join jBfl", CI, and produce them to meet in 0. Then 
will be the centre of the conic (see p. 32). We have 
then to find the equations of BH^ CI, wnich, by their in- 
tersection, determine 0. 

Fig. i6. 
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Let ^, 5^1, Aj be the co-ordinates of i). Then j^ = ; and 
gfj, \ wUl be the values of y8, 7, which satisfy the equations 

or if/3-iV7:=0, 

and iyS + C7 = 2 A. 

Hence, ^^=^_^^2A 



Nb+Mc 
M 



2A. 



In like manner it may be proved that, if/„ 5^^, ^^ be the 
co-ordinates of J?, 

Now, for J, and therefore for every point in the line (7/, 

a _ )8 

Therefore the equation of CI is 

a fi 



or 



^J + ifc~ic + JVa* 



Similarty that of BE is 



ifa + Zi'JTJ + Jfc* 
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Therefore at the point we have 

a /8 7 

M + Mc^Lc + Na^Ma + U* 

These equations with 

aa + Jy8 + C7 = 2 A 

determine the co-ordinates of the centre. 

Cor. Hence may be obtained the condition that the 
conic may be a parabola. For. the centre of a parabola is 
infinitely distant, its co-ordinates must therefore satisfy the 
algebraical relation 

whence we get 

L M N ^ 

or -^+ +_=0, 

a 

as the required condition. 

This will be observed by reference to Art. 9, to be iden- 
tical with the condition that the conic should touch the 
straight line, aa+ J/8 + 07 = 0, and thus we are again led 
to the conclusion noticed in Art. 7, that every parabola 
touches the line at infinity. 

9. To find the condition that the conic should touch a given 
straight line. 

If the straight line (Z, m, n) be a tangent to the conic, the 
values of the ratio /8 : 7, obtained by eliminating a, between 
the equation of the conic and the equation 

' la, + mfi + 717 = 0, 

must be equal to one another. For this purpose, it is most 
convenient to take the equation of the conic in the form 

±(ia)»±(J[f)S)»±(iV7)*=0. 
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Eliminating a, we then get 

L (m/8 + n7) + Z {(il//3)i ± {Ni)^Y = <>» 
or (im+Jlf0/3+(i^» + iV07±2Z(i£N/37)4 = 0, 

and, if the roots of this, considered as a quadratic in (-1 
be equal, we have 

{Lm + Ml) {Ln + Nl) - ZWiV= 0, 

or Lmn + -MnZ + Nlm = 0, 

which may also be written 

L M N ^ 

It hence appears that the condition, that the line (Z, w, n) 
should touch the conic 

(Za)*±(if/3)i+(iV7)4 = 0, 

is identical with the condition that the point (Z, w, w) 
should lie in the cOnic 

L M N ^ 
a /3 7 

a result analogous to that obtained in Art. 13, chap. I. 

10. - To find the equations of the four circles which touch 
the three sides of the triangle of reference. 

These may be obtained most readily by the employment 
of the equations for the determination of the centre, obtained 
in Art. 8. Thus, let it be required to find the ratios of 
Ly M, N in order that the conic may become the inscribed 
circle. At the centre of this circle we have, as we know, 

a = ^ = 7- 
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This gives, by the result of Art. 8, 

Nb + Mc = Lc + Na=:iMa + Lb. 

To solve these equations, put each member equal to r, 
we then get 

N L^r^ 
c a ca^ 

L M r 
a b ab' 

Adding together the last two of these equations, and sub- 
tracting the first, we get 

J. r (b + C'-a) 
-^=2 U • 

Similar expressions being obtained for M and N, we 
see that 

J+c— a c+a—b a+b—c 



L : M: N :: 



be ' ca ' ab 



2-4 a-B ^G 
:: cos — : cos - : cos r- . 
2 2 2 

Hence the inscribed circle is represented by the equation 

cos — .a* + cos — . )8* + cos — . 7* = 0. 
^ M ^ , 

It may similarly be proved that the escribed circles, of 
which the centres are respectively given by 

-a = /3 = 7, a = -^ = 7, a=^ = -7, 

will be represented by the equations 

cos — (- a)* + sin - .)9* + sin-. 7* = 0, 
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sin — . a* + COS ~ (- /8)* + sin - . 7* =: 0, 

sin — • a* + sin ~ . iS* + cos — (- 7) * = 0. 

We may remark that, at every point in the circle which 
touches BG externally, a is essentially negative, so that the 

form (— a)^ represents a real quantity. Similarly the appear- 
ance of (— /8)*, (—7)* in the equations of the other two 
escribed circles may be accounted for*. 

11. The next form of the general equation of the second 
degree which we propose to consider is that in which w', v\ w\ 
the respective coeflScients of 2^7, 27a, 2a)9, are all = 0. The 
equation then assumes the form 

wa' + v^ + vyf = 0. 

We observe in the first place, that if this equation represent 
a real conic, the coefficients of a*, ^, 7", cannot be all of the 
same sign. Suppose the coefficient of a* to be of a diffisrent 
sign from the other two, then writing, for convenience of 
future investigations, i^, — Jf *, — N^ for w, v, w respectively, 
our equation assumes the form 

12. We have now to enquire how this conic is related to 
the triangle of reference. 

Putting )8 = 0, we get 

ia = + ^7. 

ABC 
* If these equations be rationalised, and the sines and cosines of -^ , q- » 7; 

be expressed in terms of the sides, they assume the following forms : 

a«(«-o)»a3+6«(»-&)'i8*+c'(»-c)V-26c(«-ft)(«-c)/37-2ca(»-c)(«-a)7tt 

-2a6(»-o) (»-6)o/3=0, 

aVo«+6«(«-c)"/3«+c»(«-.J)«.7«-26c(«-6)(»-.c)/37 + 2ca»(«-6)7a 

+ 2oJ«(«-c) 0)3=0, 
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The interpretation of this equation is, that the two 
straight lines drawn from B to the points in which the conic 
is cut by C4, form, with BC^ BA, an harmonic pencil. 

It may similarly be proved that the two straight lines 
drawn from C to the points in which the conic is cut by AB, 
form, with CL4, CBy an harmonic pencil. 

If we put a = 0, we get 

Mfi = ± V(- 1) Ny, 

shewing that BG cuts the conic in two imaginary points. 
The analytical condition of harmonic section is, however, 
satisfied here also. 

13. We may next investigate the equations of the tan- 
gents drawn through the points A, B, G. 

If in the equation of the conic we put ia = -A/7, we get 
/8 = 0, shewing that the straight line La — Ny = meets the 
conic in two coincident points, and, therefore^ touches it. 

Similarly 

La + Ny = 0, ia-if/8 = 0, La-hM(3 = 0, 
are tangents to the conic. 

The tangents to the conic drawn through A would be 
analytically represented by the equations 

Jf/3 = V(-1)^7, ilf/3 = -V(-l)JV7, 

which shew that these tangents are imagmaryy or that the 
point A lieg. within the concavity of the conic. 

14. Since the two tangents drawn through B meet the 
conic in points situated in the line GA, it follows that GA is 
the chord of contact of tangents to the conic drawn through 
B^ or that GA is the volar of B, and B the pole of GA with 
respect to the conic. Similarly, (7, AB^ stand to one another 
in the relation of pole and polar. 

Again, since the pole of AB is the point G^ and the pole 
of A G is the point B, it follows that the line joining B and G 
is the polar of. the point of intersection of AB, AG, i. e. that 
A is the pole of J56', and BG the polar of A. 
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We come then to this conclusion, that when an equation 
of the second degree does not involve the terms /87, 7a, a^, 
the conic represented by it is so related to the triangle of 
reference, that each side of the triangle is the polavy with 
respect to the conic, of the opposite angular point^. 

This is expressed by saying that the triangle is self-con- 
jugate with respect to the conic ; or that the three angular 
points of the triangle form a conjugate triad. , 

The geometrical properties of the conic having been thus 
established, we shall, in future investigations, write for the 
sake of symmetry of form, — U instead of U, so that the 
equation of the conic will be written 

iV+ilf^^Hi\^y = 0. 

It must here be borne in mind that one of the three quan- 
tities X, M, Nib essentially imaginary. 

15. Any two conic sections represented by such equa- 
tions as 

iV + Jlf«y8' + i^7^ = 0, 

have important relations to one another, which we proceed to 
consider. 

They will of course Intersect in four points, which may 
be real or imaginary. We will first suppose them real, and 
represent them by the letters P, Q, B, 8. 

Now the locus of the equation 

« 

{L'M' - Z"M') ^ + {L'N" - i'«xV^ f = 

passes through all the points P, Q, JR, 8; and, since it may 
be resolved into linear factors, represents two straight lines. 

• If the coefficients of jS^ and 7^ be equal, and the triangle of reference be 
^ight-angled at A, the form of the equation ahews that A will be a focus of the 
conic, and BC the correspondiDg directrix. 
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Suppose them to be PQ and B8. The intersection of these 
two straight lines is given by the equations 

which evidently give ^8 = 0, 7 — 0. 

Hence FQ, BS intersect in A. 

Similarly, PB, Q8 intersect in B, and PS, QB intersect 
in C. Hence, the angular points of the triangle of reference 
coincide with the intersections of the line joining each pair 
of points of intersection of the conies with the line join- 
ing the other pair. Hence also, if any number of conic 
sections be described about the same quadrangle*, and the 
diagonals of that quadrangle intersect in A, while the sides 
produced intersect in B and (7, then -4, B, G form, with 
respect to each of the circumscribing conies, a conjugate 
triad. The points A, B, C may themselves be called vertices 
of the quadrangle, or of the system of circumscribing conies. 

It will be seen, from the preceding investigation, that any 
two conies which intersect in four real points can be reduced, 
by a proper choice of the triangle of reference, to the form 

iV + J/^^ + J^7' = 0. 

The same reduction mav also be effected in every case 
with the reservation that if two of the points of intersection 
of the conies be real and two imaginary, then two of the 
angular points of the triangle of reference (or vertices) will 
be imaginary and the remaining one real. If all the points 
of intersection be imaginary, the vertices of the conies will be 
all real. This we shall prove hereafter, 

16. To find the condition that a given straight line may 
touch the conic. 

Let the equation of the straight line be 

* I employ the term quadrangle in preference to quadrilateral, conBidering 
a quadrangle as a figure primarily determined hy four points, a qwxdrHateral by 
four indefiDite straight lines. 
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Wk^te this meets the conic, we hate 
and, making the two yalues of /d : 7 equal, we get 

whence Jf •iV^Z* + N^Um^ + i»if V = 0, 

or ZS + jJ5 + ;p = 0, 

the required condition. 

17. To find the condition that the conic may be a para- 
hola. 

Since eveij parabola satisfies the analytical condition of 
touching the line 

the required condition becomes' 

a^ V <? 



1?^ M^'^ N^ 



0. 



18. To find the coordinates of the centre. 

Let ^3, B^ be the points ill which the conic is cut by C4, 
then^ if B^^ B^ be bisected in <^ the line BQ wU pass 
through the centre. 

Now, let j^, 0, A, be the co-ordinates of 5,, 

X>0,A, : B,. 

Then those of Q are 

2 ' ' 2 ' 

and the e^tion of BQ will Be 

F. 4 
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Now ^, f^ are the values of a given by the equations 

iS =0, 

which, eliminating )8, 7, are equivalent to 

whence /, +/i = XvTJ^^* * 

Similarlj A, + A^ = jjPcf+Uc^ ' 

Hence the equation of 5 Q is 



or 



IPy Vol 



c a 

This gives one straight line on which the centre lies. It 
maj be similarlj proved to lie on the straight line 

a b 

Therefore the co-ordinates of the centre are given by the 
equations 

a h c * 

Combining therewith 

aa + J)8 + oy = 2 A, 

we get for the co-ordinates of the centre 

a h c 

1} ^ W , IP 

L^'^M^'^N^ L'^^iP^N' r'^M^'^lP 
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Each of these "becomes infinite when the conic is a para- 
bola, as manifestly ought to be the case. 

19. To find ike equation of the circle with respect to which 
the triangle of reference is self conjugate. 

It is a distinguishing property of the circle that the line 
joining the centre with any other point is perpendicular to the 
polar of that point. Hence the line 

b c -^^ 

which joins the centre with the point Ay must be perpendicu- 
lar to a = 0. This gives (see Art. 5, p. 8) 



JcosJB ccos(7* 

Similarly, since the lines joining the centre with J5, G 
are respectively perpendicular to 

/8 = 0, 7 = 0, 
we shall have 



c cos (7 a cos ^ ' a cos ^ "* 6 cos -B ' 
Hence the equation of the required circle is 

a cos ^ . a' + J cos -B . y8" + c cos (7 . 7^ = 0, 
or sin2^.a' + sin 25./8" + sin2(7.7'=0. 

It will be remarked that this circle will be imaginary ^ 
unless one of the quantities sin 2^, 6in2£, sin 2(7 be nega- 
tive, that is, unless one of the angles 2-4, 25, 2(7 be greater 
than two right angles, or unless the. triangle of referetice be 
obtuse-angled. 

Cob. By referring to the expressions for the co-ordinates 
of the centre of the conic, given m Art. 18, we see that at the 
centre of the circle we have 

acos -4 = /8 cos jB = 7 cos C. 

4—2 
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Qr^ the centre of the ctVcfe, toith respect to which the tri- 
angle of reference is selfoomugate^ coincides with the intersect 
tion of the perpendiculars drawn from the angular points to 
the opposite sides. This, i3 oth^rwi^a evidettt from geometri- 
cal considerations. 

20. To find the equation of the conic which touches two 
sides of the triangle of referenpe in the jM>ints where thetf meet 
the third. 

Let ABj AC he the two mAm which the required conic 
touches in the points 5, C. We then require that the con- 
st9.QLt^ m the equatipii 

ia* + Jf/S" + -Wy + 2X^87 + ?/tt.7a + 2i;a/S = 

should be so related to on© another, that when ^ = we have 
the two values of a = 0, aijid. ajso when 7=0 the two values 
of a may each = 0. 

Hence the two equation 

ia* + N^ + 2/A7a = 0, 

ia? + J^+2;/ay8^«0, 

must both be identically satisfied, when 0*^=^0,, and hy^ no 
other value. This requires that 

2f=0, fi^O, -af=o, v^O. 
Hence the equation reduces to. 

or, writmg — A? for — , 

This equation, it wiU be observed, involves only one arbi- 
trary constant, as ought to be the case, since when a tangent 
and its point of contact are given, the conis is thus subjected 
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to two conditions, and, therefore, when two tangents and 
their points of contact are given, to four. 

21. If any straight line whatever be drawn through A, 
and meet the conic iu P, Q, and be represented by the 
equation 

then BP^ BQ will be represented by the equations 

ha = W7, hoL = — wy, 

from the form of which it is apparent that BA, BP, BO, BQ 
form an harmonic pencil. Or any chord of a conic is divided 
harmonically hy the conic itself, any point on the chord, and 
the polar of the point with respect to the conic. 

22. We may observe, that the two straight lines repre- 
sented by the equations 

koLi:s€»3, jfea = — 7, 

to 

intersect on this conic whatever be th6 Value of 6). Hence 
any point on the conic may be expressed by giving the value 



of the ratio 



Jca y 

-3- , or 7^ . 
jS ' ka 



If G) be the value of this ratio at any point, that point 
may be denoted by the letter ©*• The line joining the two 
points 0), a)' may be called the line axo'. 

23, To find the equation qfthe line ©o)'. 
Let the required equation be 

we have then to determine m and n. 

Since, when Tea «= ©A fct ±= - 7, 

(ft) . 

vn 
we get H — ^ + no = 0. 

* This mode of expression is ^ven by Balmon in his C<mic Secti<mi. 
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Similarly 



Hence 





1 + 


— +710) 
0) 


= 0. 


971 


©' 


— fi) 


am 


CO 

§ 


(0 


a> + a>' 




6> 


G> 




n 


=: — 


1 




1 ' • 
6) + ft> 





and 

Hence the line o)©' is represented by the equation 

6)6)'/9 + 7 = (g) + ©') A;a. 

24. To find the equation of the tangent at cd. 

This is obtained at once, from the result of the preced- 
ing article, by simply putting m = ©. It will then be seen 
to be 

o>*/8 + 7 = 2o) . &«• 

25. To find the pole of coa/. 

The pole of o)q>' is the point of intersection of the tangents 
at 0), a>\ 

It is therefore given by the equations 

2© . Aa - o>')9 -7 = 0, 
2co'.ia-a)'*/8-7 = 0, 



whence 



hoL 13 



©' — 0)'* 2(o) — 0)') 2(»fi)'(o) — 0)') 



'\ f 



2kaL ^ 7 
or — -— ^ = /3=-i-,. 

a) + a> oicd 

« 

26. To find the condition that a given straight line may 
touch the conic. 

Let the equation of the given straight line be 

Za + myS + n7s=0. 
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From Art. 24, it appears that if this straight line touch 
the conic, it must admit of being put in the form 

-2(»^a + a)*/8 + 7 = 0; 
2ft)& 0)^ 1 



• • 



whence P = 4A»wn, . 

the required condition. 

The co-ordinates of the point of contact of this line will 
be determined by the equations 

— Za = 2ml3 = 27uy. 

Cor. By writing a, b, c, respectively for Z, m, n in the 
condition of tangency just investigated, we see that the 
necessary condition in order that the conic may be a para- 
bola is 

a» = 4.J^bc. 

Or the equation of the parabola totcchinff AB, AC in B, 
C, is 

a'a' = Abc^y. 

27. To find the centre of ike conic. 

Since the conic touches -45, AG m BG, it follows that 
the straight line drawn through A, and the middle point of 
BG, will pass through the centre. The equation of this 
straight line is 

bfi-cy-O. 

^ fiyffii K^ fi^ 9%^ K ^ *^® co-ordinates of the points 
in which the straight line meets the conic, those of the 
centre will be 

A±A ffi+ff2 K + K 

2 ' 2 ' 2 * 

Nowj^,^, 5^, g^, Aj, \ are the respective values of 
a, fif 7, obtained Kom the equations 

iV-/97 = 0, 
J^-C7 = 0, 
aa + Ji8 + cy = 2A. 
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^liniinating y^ a Ibetw^eii these, we g^t 

These are the Talaea j8, 7 at the centre. The correspond- 
ing value of a may be ascertained hj substitution in the 
equation 

aa + Ji8 + 07==2A 

to be 



4.mc-d*' 



These values all become infinite when 4P5c = a", as mani- 
festly ought to be the case, since^ as h^ been shewn iu Art. 
24, the conic is then a parabola. 



Examples. 

1. A triangle is inscribed in a conic ; prove that the points, 
in which each side intersects the tangent at the opposite angle. He 
in a straight line. 

2. A triangle is described about a conic; prove that the 
straight lines, joining each angular point with the point of contact 
pif the opposite ^ide, inter^egt in a point. 

• 

3. Find the equations of tlje normals to the conic Xpy+fiya 

+ va^ = 0, drawn at the apgular points of the triangle of reference ; 
and prove that they will intersect in a point if 

4. If the normals to a circumscribing conic, at the angular 
points of the triangle of reference, meet in a point, prove that the 



•Ip^i^ of the oentre of tHe conic is made up of the enrve repre- 
sented bj the equatioxL 

and of the three straight lines which join the middle points of the 
sides of the triangle of reference. 

6. Three conies are drawn, touching respectively each pair of 
the sides of a triangle at the angular points where they meet the 
tiiird ^ide, and all intersecting in a point. Prove that the three 
tangents at their common point meet the sides of the triangle 
which intersect their respective conies in three points lying in a 
straight line > and that the other common tangents to each pair of 
conies intersect the sides of the triangle which touch the several 
pail's of conies in the same three points. 

6. Prove that the points of intersection of the opposite sides 
of any quadrangle, and the point of intersection of the diagonals, 
form a conjugate triad with respect to any conic described about 
the quadrangla 

7. If j5 be the radius of the circle described about the triangle 
of reference, p that of the circle with respect to which the triangle 
of reference is self-conjugate, prove that 

p' + 422" cos -4 cos jB cos (7 = 0. 

8. If £0, CAf AB be three given tangents to a conic, 
jP, Qy R three points on the curve, and if the areas of the triangles 
FBGy PC/ A, FAB be denoted. by jt?j, j9 , p^ respectively, and those 
of the triangles obtained by successively writing Q and R in place 
of F by gj, q^, q^ r^, r^, r„ prove that 

9. Prove that the diagonals of any quadrilateral described 
about a conic^ and the lines joining the points of contact of 
opposite sides, all intersect in a point. 

10. A system of conies is described touching three straight 
lines ; prove that, if one of the foci move along a given straight 
line, the other will describe a conic about the triangle. 

Hence prove that the circle, which passes through the points 
of intersection of three tangents to a parabola, passes also through 
the focus. 
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11. Prove that tlie equation of the line passing through the 
feet of the perpendiculars from a point a^, jS^, y^, of the circle 
apy + hya + cafi = 0, on the sides of the triangle of reference, may 
be put in the form, 

jSjCOsC— YjCOS-S Yj cos ^ — a, cos (7 ^ a^cosB — fi^coaA 

cy = 0. 

12. Shew that the axis of the parabola, whose equation is 
a V = ibcPy, is given by the equation 



(c + 6cosii)j8-(6 + ccos-4)y = jf — t) 



aau 



13. The equation of the directrix of the parabola, which 
touches the sides of the triangle of reference, and also the straight 
line la + m/i + 17 = is 

a COS A ( j+i8cos5( — 7 )+ycosC(y ). 

\m n/ '^ \n IJ ' \l^ mj 

14. If the equation 

(Za)4 + (m)8)* + (ny)4 = 
represent a parabola, the equation of its axis is 

I \m' ny m \rc V ) n \r mrj 
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CHAPTER III. 

ON ELIMINATION BETWEEN LINEAE EQUATIONS. 

1. Befobe entering upon the discussion of the come re- 
presented by the general equation of the second degree, it will 
he necessary to devote a few pages to the subject of elimina- 
tion between homogeneous linear equations, and to explain 
some of the terms recently introduced in connection with 
this branch of analysis. 

We shall, however, only state and prove such elementary 
theorems as will be necessary in our future investigations; 
referring the reader who may be desirous of fuller informa- 
tion to Salmon's Lessons on the Higher Algebra; Spottis- 
woode, On Determinants (the second edition of which will be 
found in Crelle's Journal, t. 51, pp. 209, 328), and to the ori- 
ginal memoirs communicated to various scientific Journals 
by Messrs Boole, Sylvester, Cayley, and others. 

2. If we have given n homogeneous linear equations, con- 
necting n unknown quantities x^, x^..,x^, such as 

h^x^ + Sja?j + ... + Jn^„ = 0, 

the quantities x^,x^...x^ can be eliminated between them, 
and the result of the elimination may be expressed by 
omitting a? , a?„ ... ar^, and writing the coefficients only in the 
order in which they appear in the given equations, thus 
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^jj ^2 •*• ^n 
1 ' 2 • * • » 



= 0. 



The left-hand inem*ber of this equation is what is called 
the determinant of the given system of equations. 

We proceed to investigate the law of its formation, 

3. First, suppose we have two equations, 

a^x^ + a^x^ = 0, 
bjXj^ + h^x^ = 0. 

Multiply the first by \, the second by a^, and subtract, 
and we get 



Hence 






^A""^A' 



We may remark in passing that we shall obtain the same 
result by euminating \, X, between the equations 






Hence 



«2> h 






A like theorem will be proved to be true for all deter- 
minants. 

4. Next, suppose we have the three equations 

a^x^ + a^^ + a^x^^O, 
*i»i + *«^a + ^«a?3 = 0, 
CjX^ + Ogajj, + c^x^ = 0. 
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Mniltijdjr these equaiticms in order hj the arbitrajy nnilti- 
pliera^^X^, \, and add them together. Let the two ratios 
X^ : \ : Xg be determined by the conditions that the coeffici- 
ents of x^ and x^ in the resulting equation shall each be 
zero, i.e. let 



(A). 



The resulting equation is then reduced to 

which requires that 

a,\ + J,\4c,X3 = (B). 

Multiply Ae first of equations. (A) by a^ , the second by 
a,, and subtract, we tLen get 



or 



^2^8 "" ^8^2 ^A "- ^8*2 



^ 7,^2hr ' ^y symmetry... (C). 

^2^8 ^8^2 

Hence,, dividing each term of (B) by the correg^onding 
member of (C) we get 



or 



«i> «a> «8 



i> ^2> 



C^t Col Cft, 



+ Ci (a A - «8*2) 



Ba< 



= 0, 



*2> *8 
^2» «i 

*2» *» 



.+ 6, 



^fc 



^2> ^3 



a, 



29 



«% 



«2> ^8 
«2> ^8 



+ C. 



+ (J, 



«a' ^8 

^2» *8 
/^2> ^8 
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It will be seen that the above process is really equivalent 
to that of eliminating \, \, \ between the equations (A) 
and (B). Hence 



«1> «2> «8 




«1> \j ^1 


\^ K h 


= 


«2> \i ^2 


<^1> ^2> ^8 




^SJ *8> ^8 



5. Next, let us have the four equations 

a^x^ + a^x^ + ttgiCg + a^x^ = 0, 
ii^?! + J,a?2 + 63^3 + 640;, = 0, 

^1^1 + ^.^2 + ^8^8 + ^4^4 = ^» 

rfjO?! + rfja?3 + c^giCg + /Z^a;^ = 0. 

To effect the elimination, multiply the equations in order 
by \, \y Xg, X4, add them, and equate the coefficients of 
ajj, a?g, a?4 severally to zero. We shall then have 

«8\ + ^\ + ^8\ + ^8\ = ^[ (^')» 

which equations involve as a consequence 

«A + ^\ + «A + ^i\=^ (B'). 

To determine the three ratios Xj : \ : X. : X^, multiply 
equations (A') in order by /w-a? /"'«> /^4> ^dd, and equate to zero 
the coefficients of X^, X^. We thus get 






(C). 



Also {aji^ + aji^-^r a^^ \ + {hji^ + hji^+hji^) X, = 0, 



whence 



i2/^a + *8/^8+*4/^« — . (^aA^a + ^8/^8 + ^4/*J ' 



Now, treating equations (C) as equations (A) were treated, 
we see that 



/^a 



_ /^8 A*4 



^8^4 "■ ^4^8 ^4^2 " ^8^4 ^2^8 ■" ^8^2 ' 
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or 



whence 



^. 




A*, 


• 


/^4 






C^, d^ 




^8> ^8 



or 



*. 




+*. 




+*. 




d. 






\ 


«a 


C^, d^ 


+ «. 


C4. <^« 


+ a. 






\ 




\ 


• 




Kt <'.» ''i 




«1> Cj, «?j 






*». «». <^8 




«8. C„ <?8 








J., 


«4. 


< 






«4' 


- »4> <^« 







which, "by symmetiy, axe equal to 





\ 




<*«» 


*., 


^ 


«„ 


*., 


d. 


««. 


K, 


d. 



\ 



«8> *8> ^8 
«4> ^4> ^4 



These equations may be more conveniently written in the 
following equivalent foims : 

\ \ \ \ 



K K h 




^a> ^8> ^4 

^8> ^3, d^ 





«»> 


«». 


«4 


c.. 


".. 


C4 


<?i. 


dti 


J, 



«8) a,, a^ 




*9> *8» K 


— 


^9> ^8J ^4 





«a> «8> ^4 

^9> ^8> ^4 



Eliminating "by means of these equations \, Xjj X-bj \> 
from equation B', we get, as the result of the elimination of 
^19 ^8> ^8) ^4 between the four given equations, 
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^V ^2> ^8> ^4 

K K K h 
^1* ^a> ^8> ^4 
^i> ^a> <?8> ^4 



= a. 



+ CX 



^1^ *a> ^4 


• 


a„ a,, o^ 




^g> ^8' ^4 

^, e?3, e?^ 


-K 


^8> ^8» ^4 

rfj, ^3, d^ 




^»f ^a^ ^4 


-4 


«2> ^8> ^4 

d^ djj, cZ^ 





And since the above process is equivalent to the eKmi- 
nation of \, \^ X^, \ between; the e)(]^uations (A') and (B'), 
we see that 



«I. 


«r 


«.. 


«4 




«1. 


\. 


Cl. 


*?. 


*.. 


K 


«., 


*. 




«.. 


K 


«.. 


*?, 


"l, 


«,. 


^8»' 


«4 




«.. 


h* 


«<* 


d. 


<, 


rf,, 


4. 


d. 




««. 


^* 


C^^ 


d. 



6. The law of formation will be suflSciently obvious from 
the above investigations. K we have n> lines £uid columnsy it 
may be similarly proved that 



^ij ^2> ^•••*« 

^i» ^a> ^•••^rt 

^l> ^a^ ^^•••^n 



a' a'' ^2*** 2 
^8> ^a> ^s'^'^'a 



^nv ^m ^••••"iw 



= % 



i„ &3-..&, 



^a> ^a-.*'*^) 



A^j A^.^.A^ni 



-J. 



«a> ^8 — ^« 



"'*» ^gy^n 



+ Cj 



«a» ^a—®i» 
a' /^g**'*iCff 



•^ •«• + yj-^ L) aJj 



«a> «8 

iO 8 * ** * *^ 
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It may also be proved that if we have n — 1 equations 
connecting n quantities X^, X,... \„, such as 

^i\ + ^8^ + ^2\ + ••• + *2^» = 0, 
we shall obtain the following ratios between \, X,, \,...X„ 



\ 



8 ' ^2 • • • f^2 
O3, Cj... AJj 



^•>^»»»*^ll 



8 ) C^ • • • /v- 

a,, c,...A:3 

Xn 



\ 



^8 ' ^ J • • • ^2 



(-1) 



n-1 



«8> ^8 

«8> h' 



By reference to the expanded values of the determinanta 



*i> *8 






it will be seen that the former contains 1 . 2 or two terms, the 
latter 1.2.3 or six. It may also be proved that, if n quanti- 
ties be eliminated from n linear homogeneous equations, the 
resulting determinant will contain 1.2.3...n terms. For, 
referring to the relation between determinants of n and n — 1 
rows, given in Arts. (4), (5), (6), it will be seen that this theo- 
rem is true for a determinant of n rows, if it be true for 
one of n — 1. But it is true for three rows, therefore it is 
universally true. 

7. The horizontal rows of a determinant are commonly 
spoken of as "lines," the vertical ones as "columns."; ft 
F. 5 
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will be observed, moreover, that each term is the product of 
n factors, one taken from each line and from each column, 
and that the coefficients of one half of the terms are + 1, of 
the other — 1. To determine the sign of any particular term 
we proceed as follows. Considering for simplicity the case of 
three rows, we have 






= ^1^8 - «i V« + ««Vi - «2* A + «8 Va - <^J>A • 



Here we observe, first, that (the factors of each term 
being arranged in alphabetical order, that is, in the order of 
the columns) the term afi^c^ (in which the suffixes follow 
the arithmetical order, that is, the order of the lines) has a 
positive coefficient. Now every other term may be formed 
from this by making each suffix change places with either of 
its adjacent suffixes a sufficient number of times. Thus the 
term afiji^ is produced by simply making the suffixes 2 and 
3 exchange places. The term a^^c^ is produced by making 
the suffix 3 change places, first with 2, and next with 1, which 
is then adjacent to it. If this process of interchanging the 
suffixes of two consecutive letters be called a " permutation,*' 
we may enunciate the following law, which ty inspection 
will be seen to hold. 

" Every term derived from the first by an odd number of 
permutations has a negative sign. Every term formed by an 
even number of permutations has a positive sign.'' 

Thus, it will be observed that the terms afijs^; «A^8j 
each of which is derived from aj^^c^ by one permutation, 
have negative signs. The terms a^^c^; «8^A, each formed 
by two permutations, have positive signs. The term aj&jjCj, 
formed by three permutations, has a negative sign. 

In like tpanner, in the case of a determinant of four rows, 
if afi^c^d^ have a positive sign, such a term as ajb^c^d^^ derived 
by two permutations, will have a positive sign, while ajb^c^d^^ 
derived by three, has a negative sign. 

8. The sign of a determtnant is changed by interchanging 
any two consecutive lines or columns. 
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In the first place, we observe that 
Again, 






«i> «a> «8 

^> *8> *8 



^i> ^a> 



'8 



= a. 



*8» K 



-J, 



«8J «8 



s= — a. 



^a> ^8 

by what has been shewn above, 



+ <^i 



^%> ^8 



+ c. 



-K 



^8> «8 

*a> *8 



S> ^8 
^8> ^8 



^i» ^a» /'s 



The theorem enunciated is thus proved for determinants 
of two and of three rows, and may by successive inductions 
be extended to any number. 

Cor. It hence follows that, if any two lines or columns 
of a determinant be identical, the determinant will vanish. 
For we see, by the theorem, that 



«i> %i % 






«i> «a> «8 



and therefore = 0. 
9. We see that 



ma^y «a> «8 




^8» ^8 
^«> «8 

Ja, *8 


— w5j 


«a> ^3 
^a' ^8 



5=7» 



«i> «a> ^8 
^i> ^a> ^8 



6—2 
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Hence, if all the terms in any line or column of a determi- 
nant be multiplied by any given quantity ^ the determinant itself 
will b4 multiplied by the same quantity. 

10. Dep. From any givien determinant, other determin- 
ants may be formed, by omitting an equal number of lines 
and columns of the given determinants. These are termed 
Minors of the given determinant, and. are called first, second, 
&c. minors, according as one, two, &c. lines and columns have 
been omitted* Thus 









are first minors of 






11. To investigate the relation which must hold among the 
coefficients L, M, N, X, /a, v, in order that the quadratic 
Junction 

La" + Mj8'+ N7* + 2X^97 + 2/i7a + 2i/a)8 

may be the jproduct of two Jhctors of the first degree in 
a, % y. 

The given expression is identical with 

Now; if the relation between L, Jf, N^ \, /x, i; be such 
that, for all values of a, )8, 7, the three linear functions 

La + vfi+fj/y, va + M/S + Jiry, fiOL + Xfi + Ny 

may bear to one another constant ratios {p:q: r, suppose), 
then the given expression will be the product of two factors, 
respectively proportional to 

La -\r vl3 + fjir/, pa + qfi+ry. 



J 
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The necessary condition is then that 

La + v^ + fi/Y _ va + M^ + M _ /tta + X)3 + Ny 

for all values of a, j8, 7, and therefore for those which make 
the numerators of anj two of the above fractions = 0. That 
is, values of a, )8, 7 exist, which simultaneously satisfy the 
equations 

Zra + i/iS + /A7 = 0, 

va + -3^/9 + X7 = 0, 

Hence, eliminating a, /S, 7, we get, as the condition that 
the given expression may be the product of two factors, the 
equation 

A v^ A* 

fi, \ N 
LMN+ 2\fiv - iX» - Mfj^-Ni^^O. 



= 0, 



or 



This expression 



A I', A* 
A*i >«, N 



the evanescence of which is the necessary condition that the 
given quadratic function may break up into two factors, is 
termed the Discriminant of that function. 



12. Pascal's. Theorem. 

From the analytical result stated in Art. 6 of the present 
chapter, that the value of a determinant is Qot altered by 
changing its lines into columns and its columns into lines, we 
obtain a proof of Pascal's theorem, which asserts that 

If a heocagon he inscribed in a conic, and the pairs of 
opposite sides be produced to intersect, the points of intersection 
lie in the same straight line^ 
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Let AFBDCEht the conic ; take ABC as the triangle of 
reference, and let the equation of the conic be 



a P y 



(1). 



Let the equation of AE be ^ = n^y^ of AF be 7 = 7W3/8, 

BF ... 7 = Zja, o{ BD ...a^w^v,. 
CD ... a = mji9, of (7j5:.../3 = Z,a. 

Then, since D lies in the conic (1), we have X + fim^+ vn^ = 0, 

E XZ, + /Lt + imj = 0, 

F .'.... yd^-^fim^-^-v^Oj 



whence 



1, 


m, 


"i 


k. 


1, 


«. 


h, 


nit, 


1 



= 



(2) 



is the necessary condition that the six points -4, F, 5, i>, 
0, E may lie in a conic. 

A^ain, if the pairs of opposite sides intersect in points 
lying in a straight line, let tne equation of that straight line 
be 2>a + j/8 + ry = 0. Then, since 

jSFand CE intersect in this line, we have p + ql^ + vl^ = 0, 

GDkdAAF : p»i + gf + ym3 = 0, 

AEmABD pn^-k-gn^^-v^O^ 

1, k. h 
whence m^, 1, nij =0 ,. (3) 

is the condition that these points of intersection may lie in 
the same straight line. But (2) and (3) are identical Hence 
•the proposition is proved. 

13. From Pascal's Theorem many interesting cons^* 
quences may be deduced. Thus, if the point F coincide with 



pasc-il's theorem. 
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A, D with B, E with (7, then AF^ BD, GE T)ecome the 
tangents at A^ B^ G respectively, and we obtain the theorem 
enunciated in Ex. 1, Chap. II. Again, by supposing D to 
coincide with 5, and E with (7, we readily obtain the follow- 
ing theorem: "If the opposite sides of a quadrilateral, in- 
scribed in a conic, be produced to meet, and likewise the 
pairs of tangents at opposite angles of tjhe quadrilateral, the 
tour points of intersection will lie in the same straight line.^^ 

And, by supposing F to coincide with -4, we obtain a 
geometrical construction, by which, having given five points 
of a conic, we can draw a tangent at any one of them. For, 
since AF then becomes the tangent at A^ we see that, \i AE^ 
DB be produced to meet in (?, -4J5, EG in -ff, and OH in- 
tersect uD in J, then Ji/ will be the tangent at A. 



EXAMPLES. 



1. Prove that 





a^byCyd 


/ 


6, a, dy 




Cy dy at, h 




dy Cy 6, a 



2. If 



= (a + 6 + c + rf)(a-6 + c-c?) (a-6-c+c?)(a+J-c-c?). 



c • c 



=A. 






= A^..., prove that 



and that 






= a. 



0„ <?., C7. 
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3. If 



prore that 



b,e 


= 


-A, 


c, a 

Z, X 


= B, 


a, h 


= (7, 




id 


by C 


=A 


e',a' 

Z, X 


= ^, 


a', 6' 
«, y 


= C', 


£, C 
B,0' 


t 
+ 

1 


C, A 

a. A' 


« 
+ 


A, B 
A\B' 


t 


a, h, e 
a',b',e' 
x,y,z 



(a*+y*+af*). 



4. Prove that 



0, 


1 1 1 

X, X, Xy ... 


1, 


0, a+6, a+c... 


1, 


6+a, 0, 6+c... 


1, 


c+a, C4-6, ... 





= aoc...(- + T +-+... ). 
\a c J 



5» Prove that 



"Z-^x — myn+l — Z'^x, —z+x — m 
— aj+y — n, — oj + y — w, Z+w— sc + y 



= 0. 



6. Prove that 



5 + c 



a ' 6 + c' 6 + c 



6 ' c + a' 
a + 5 a4-5 



6 



a + b 



2(a + b-^ef 
""(6 + c)(c + a)(a + 6)* 
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CHAPTER IV. 

OH THE CONIC BEPBESENTEO BT THE OENEEAX EQUATION 

OF THE SECOND DEOBEE. 

* 

!• We may now proceed to the discussion of the gene- 
ral equation of the second degree, which we shall express 
under the form, 

uof + v^ + wy* + 2u'^y + 2vyoL + 2v)afi = 0. 

This we may write, for shortness, <^ (a, /8, 7) = 0. 

This equation, as we have shewn (Art 1, Chap. 11.), 
represents a conic section. 

2. To find the point in which a straight line^ dravm in 
a given direction through a given point of the conicy meets the 
conic again. 

Let/, j7, h be the co-ordinates of the given point, a, /8, 7 
those of any other point whatever. Then, for all points of 
the straight line joining these t^o, the quantities 

a-/, P-gy y-K 

will bear constant ratios to one another. Let these ratios be 
denoted by^ : j : r, so that we have 

o — / 13— g 7 — A 

— - = - — ^ = a= Sf suppose. 
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To find where the line again meets the conic, we must 
substitute in the equation of the conic 

f'\-p8 for. a, ff + qs for /8, h + rs for 7. 

We thus get, arranging the result according to ascending 
powers of s, , 

^ (/» ^> ^) + 2 {{up + wq + v'r)f+ {wp + rg^ + ur) g 

The two roots of this equation, considered as a quadratic 
in «, determine the two points where the line meets the 
conic. 

Now, since [f^ g^ h) is, by supposition, a point on the 
conic, it follows that ^{f,g/h) must be itself = 0. Hence, 
one of the two values of «, given by the above equation, will 
= 0, as ought to be the case, this value corresponding to the 
point fi gj h itself. The value of ^, corresponding to the 
other point of intersection, will then be 

^ {up 4- wq + vr)f-h (wp + vq+ v!r) g H- {v'p + u'q + wr) h 

Hence, the values of a, /S, 7, may be determined. 

To this value of «, we shall hereafter have occasion to 
refer. 

3. To find the eqtiatian of the tangent at a given point. 

If the two points in which a straight line meets the conic 
be indefinitely close together, the value of «, investigated ia 
Art. 2, must be = 0. This gives 

{up + v)*q-\-vr)f-\- {wp + vq-]rv!r) g •{- {vp '\' u'q + wr) A = 0, 

or, 

(w/+ wg + vh)p + {wf-^ vg + u'h) q + (t?'/ + u'g + wh)r=^ 0. 

Hence, since, for every point on the line required, 

p 2 r ' 
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we get 

{uf+ wg + v'Ji) a + {wf-V vg + u'h) /3 + {vf+ ug + wli) 7 

= 0, since (/, gr, A) is a point on the conic. 

The tangent, therefore, at (/, gr, A) is represented by the 
equation 

(w/'-f w*g + v'A) a + («?/+ vgr + m'A) ^ + (vy4- w'gr + ti^A) 7 = 0. 

Obs. Those who are acquainted with the Differential Calcu- 
lus will remark that this equation may be written thus, 

4 To find ike condition that a given straight line may 
touch the conic. 

Let the equation of the given straight line be 

la + mfi + n7 = 0. 

Let (/, g, h) be the co-ordinates of its point of contact ; 
then, comparing this with the equation of the tangent just 
investigated, we see that we must have 

uf-h wg + vh wf-\- vg + uh ^ v'f-\- u*g + wh 
I tn fi 

Eepresenting each of these equivalent quantities by — ifc, 
we shall have 

uf+w'g + vh+ ZA = (1), 

^y+ vg + uh + mk^O (2), 

v'f+u*g+wh+ n^ = (3). 

Also, since {f, g, h) is a point on the given line, 

lf+7ng + nh=^0 (4). 
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Eliminating /, g, h, h, between (1), (2), (3), (4), we 
obtain 



tt, to', v\ I 

u), V, «', m 

v', u', to, n 

If m, n, 



= 0, or 



d'<f> d''4> 



d'4> 
da*' dad^' dady 

d*4> d*4> d'^ 



, I 



d^doL ' d0' ' d^dy ' 

d*^ d'<f> d*ij> 

dyda' dyd^' df' 



I, 



fn. 



n, 



m 



n 







= 



as the necessary condition that the line (Z, m, n) should 
touch the conic <f) (/, ^, h) = 0. Expanding the determinant, 
this may be written 

{vw — w ") Z' + {wu — v") w* + {uv — w") n* + 2 {vw' — uu') mn 
+ 2 {w'u' — vv') nl + 2 {uv — ww) Im = 0. 

6. The coeflScients of l\ m\ n', 2mn, 2nZ, 27m, in the 
above equation, will be observed to be the several minors of 
the determinant 



M, 


t f 

W, V 


«,', 


V, u* 


v', 


Uy W 



They will frequently present themselves in subsequent 
investigations, and it will be convenient, therefore, to denote 
each by a single letter. We shall adopt the following 
notation : 

vw — w'* =17", wu-^ v^ = F, uv — w'* = Wf 
v'w-uu'^^U', wV^vv'^V\ uv'-ww'^W. 

The condition of tangency investigated in Art. 4 may 
then be written, \ 

i7Z» + rw' + Tr«" + 2Cr'mn + 2FnZ+2Tr7m = 0, 



CONDITION OP TANGENCT. 
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the same condition, it will be observed, as that which must 
hold, in order that the point (?, w, n) may lie on the conic 

6. lofind the condition that the conic may he a parabola* 

Since every parabola touches the line at infinity, the con- 
dition requirea will be obtained by writing a, J, c respec- 
tively in place of ?, »w, w, in the condition of tangency. This 
gives, as the necessary and sufficient relation among the 
coefficients, 



= 



u, Wy Vf a 
w\ V, u\ b 

V, u'y w, c 
a, b, c, 

or [7'a" + Fi'+TFc» + 2?7'Jc + 2F'ca + 2Trai:=0. 

7. To find the condition that the conic may break up 
into two straight lines, real or imaginary. 

For this purpose it is necessary and sufficient that the 
expression ^ (a, )8, 7) should break up into two factors. 
The condition for this has been shewn in Art. 9, Chap, nj. 
to be 



w\ t?, u* 
v\ u\ to 



= 



or uvw + 2uv'v) — uu^ — vi?** — wvi^ = 0. 

8. To find the equation of the polar of a given point. 

If through a given point any straight line be drawn 
cutting a conic in two points, and at each point of section 
a tangent be drawn to the curve, the locus of the intersection 
of these tangents is the polar of tlie given point. We proceed 
to find the equation of the polar of (f, g, h). 

^^ fi^ 9i^K*^ f%> 9%\K^ *^® co-ordinates of the points 
in which any straight line drawn through {f g, h) meets the 
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conic. Then, since (/, g, h), (/j, g^, XJ, {f^, g^, h^ lie in the 
same straight line, we have 

fi3A-9A) +9 (Ai/.- VJ +* (X^-. -/.«7J =0 (1), 

(see Art. 12, Chap. i.). Again, the equations of the tangents 
a-t (/i, gv *i)> (/a> 9%y ^2) respectivelj, are 

j^ (tea 4- «?'/8 + v 7) +5^^ [wa + VjS + w 7) + ^i (v'a+ u'fi+wy) = 0, 

j^ (wa + io'/8 + v'7) + g^ {w'a + 1?;3 + 1*7) + A, (t;'a+ w'yS +tt?7) = 0. 

Where these intersect, we have 

UOL + w'^ -f- v 7 __ t<?'a + V0 + uy __ v a + m'/8 + tt?7 , . 

5^1*. - ffA "^ A,/, - hj\ " f^g, --f^g, ^ ^' 

Combining this with equation (1), we get 

f{ua + w'j3 + vy) +g {wa + v^ + uy) + h {va + u^ + wy) = 0, 

or (w/'+ w*g + vh) a + {wf+ vg + uh) ^ + (v/+ ug + wh) 7 = 0, 

as a relation which holds at the intersection of the tangents ; 
and which, since it is independent of the values of/,, g^, h^ ; 
/,, 9,, h^'y must be the equation of the locus of the point of 
intersection of the tangents drawn at the extremities of any 
chord passing through (/, g, h), that is, it is the equation of 
the polar of (f, g^ h). 

It may also be written. 

It will be remarked that this equation is identical in form 
with that already investigated for the tangent at a point 
{/, g, h) of the curve. In fact, when the point (/, g^ h) is on 
the curve, the polar and the tangent become identical. 

9. To find the co-ordinates of the pole of a given straight 
line. 

Let the equation of the given straight line be 



POLE AND POLAB. 
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If (^ g^ H) be the co-ordinates of its pole, we must have, 
applying the equation just investigated for the polar of 

uf-\- wg + vh ^ tv'f+ vg + uh _ v'f-^- ug + wh 
I m n * 

Putting each member of these equations = — A?, we get 

«*/+ ^V + v'A + & = 0, 
v)'f+ vg + u'h'\'mk^Of 

vf+ ug + wh + nk =s 0, 
whence 



/ 




ff 




h 


W y V f I 




Uy w^m 


* 


Vy Uy n 


V, u', m 




w, Vy n 




Uy W', I 


u\ Wf n 




Vy Uy I 




Wy Vy m 



These equations, together with 

af+ bg + ch = 2A, 

determine the co-ordinates of the pole. They may also be 
written 

f g . h 

Ul+W'm+rn" W'l-^Vm+U'n^ ri-\-U'mr\-Wn 



10. To find the equation of the pair of tangents drawn to 
the conic from a given external point. 

Consider the equation 

^ (a, A 7) + * [{^f+ ^'9 + v'*) a + W-^ '^9 + ««'*) ^ 

4- (v/+ ug + wK) 7}' = 0, 
where Ic is an arbitrary constant. 

This, being of the second degree in a, ^, 7, represents a 
conic; and meets the conic ^ (a, J8, 7) == in the two points 
in which that conic meets the line 
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and in these points only. Hence since two conies in general 
intersect in four points, it follows that in this case the four 
points of intersection coincide two and two, that is, the conies 
touch one another at the two points where they meet the 
above-mentioned line, or have double contact with each other. 

The arbitrary constant k may be determined by making 
the conic pass through any assigned point. Suppose now 
that the conic is required to pass through the point (/, ff, A), 
of which the line of contact is the polar. This gives, for the 
determination of k, the condition 

i> (/ ^, A) + * W+ ^'9 + V A)/+ (ti;/ + vg + tt'A) g 

whence A: =» — ; , /. _ 7 v » 

Hence the equation 

<^ (/, 9. V) ^ («> A 7) - {("/+ ^> + ^'A) a 

+ {w'f+vg + u'h) ^ + {v'f+u'g + wh) 7r = 0, 

represents the curve of the second degree, passing through 
the point (/ g, h) and touching the conic ^ (a, ^, 7) = 0, at 
the points where the polar of this point intersects it. But 
this curve must evidently be coincident with the two tangents 
drawn from that point to the given conic ^ (a, ^, 7) = 0. 

This equation may be put under another form, also under 
form like that of asymptotes, for the coefficients of a" will be 
found, by actual expansion, to be 

u {uf + vg" + wh^ + 2ugh + 2vhf+ 2wfg) 

- [u^f + w'Y + v"A' + 2v'm?'^A + 2ttv'A/+ 2uwyg) 
^[uv-w^g'-V{wu'-v^)}? + 2{uu'-v'w)gh 
^Wg*+Vh^-2U'gh. 

That of 2/87 is 

u' (w/" + 1?/ + wV + 2u'gh + 2t;'A/+ ^w'fg) 

- («?/+ vg + w'A) (t;y+ v!g + wh) 

B {uu-vvi)f + (m"- vw) gh + {u'l/ - tow*) A/+ (wV- vv)^ 
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Similar expressions holding for the coefficients of /9*, 7*, 
27a, 2a^, we obtain the equation of the two tangents under 
the form 

( Tr/+ F^»-2 Wghy+{ m-k Wf^2 rhf)^+{ rf%Ug'^2 W/gh' 
-2{Trf^r Ugh - TF'^/- rfg) fiy 
-2 (r/ +rhf- U'fg •-W[qk)ya 
- 2 {W'h'+ Wfg - V'gK ^ U'hf)oifi^ 0. 

If th^ point (/, a, K) be mthin the conic, th'ese twO' tan- 
gents wiUl>e imaginary. 

11. To find the co-ordinates of the centre. 

Since the two tangents, drawn at the extremities of any 
chord passing through the centre,, are parallel to each other, 
it follows that the polar of the centite ts at an infinite distance, 
and may therefore be represented by the equation 

aa + ft^ + C7 = 0. 

Hence, if a, /8, 7, be the co-ordinates of the centre, wq 
obtain, by an investigation similar to that of Art. 9,, 



wa + «?'/§ + 1?'7 + aS = 0, 

w'oi + t?^ + w 7 + JA? = 0, 

t?'a+ tt'/3 + tt?7 + ci = 0, 



(A). 



Hence, 





a 




13 




7 




^ 




w\ Vy a 

Vy Uy h 
'U\ Wy C 


- 


u\ w'y b 

Wy V'y C 

t?', «, a 




tl', «•, c 
u, w'y a 

'w'y Vy ft 


1 

i 


Uy Wy V' 
Wy Vy U' 
V'y U\ W 



or 



p 



Ua+ W'b + V'c W'a+ Vh + U'c V'a.-k- U'b + We 

k 



uwa + 2«Vw' — ««** — w'* — tow* ' 
These equations determme the centre. 



F. 



6 
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12. To find the equation of the cLsymptotea. 

Writing a, )8, 7, for /, g^ h, in the investigation of Art. 
10, and paying regard to equations (A) of Art. 11, thd 
asymptotes will be found to be represented by the equation 

<l> (a, is, 7) <f> (a, A 7) - {{aa + hfi + cyy]k?^0, 

or ^ (a, A 7) <f> («! A 7) - (2A)»i« = 0. 

But, piultiplying equations (A) in order by a, /S, 7, and 
adding, we get 

^(a>-i8, 7)+2A.4 = 0. 

Henoe the asymptotes may be represented by the equa- 
tion 

or ^(a, ^, 7)+2A.A; = 0, 

which may be put under the homogeneous. form 

(aa + Jy8+C7) ^ (a,)8,7) +Ar (aa + J/3 + O7)* = 0. 

But, by the final result of Art. 11, it may be seen that 

al+h^+aj ^ Ua*+ Vb*+Wc* + 2U'bc + 2V'ca + 2W'ab 
k uvw + 2uvw' — uu* — vv'* — tow'^ ' 

whence the equatipn of the asymptotes becomes 

■ 

{ira'+ Vb*+ Wc?+2U'he + iV'ca + 2W'ah) <f> (a, /3, 7) 
— {uvw + 2u'v'w' — «u" — »«** — tow'*) (aa + h^ + 07)* = 0. 

This may also be written under the form 



u, to, Vj a 

w, v, u\ b 

v\ u\ Wf c 

a, bf c, 



^ (a, A 7) + 



«, 


w', 


«'• 


w', 


«, 


u 




«', 


w 



(oa + bfi-hoyY^O. 
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Cor. It appears, from the preceding inyestlgation, that 

if a, /8, 7 be the co-ordinates of the centre of the conic repre- 
sented by the equation 

^ («> A 7) = ^** + v^ + vy/ + 2u,8y + 2vyoi + 2wafi = 0, 



then ^ (a, )8, 7) = — 



U, W'y V 






W\ Vy I*' 


4A' 


V, u\ w 




Uf w\ v\ a 




w\ v, w', 6 




t?', w', W7, c 




a> hy Cy < 


() 





13. To find the condition that the conic may 
angular hyperbola. 

If the equations of the asymptotes be 

loL + mfi + W7 = 0, 
fa + m'/S + w'7 = 0, 

the condition of their perpendicularity is 

It + mm' + nri — [mn + m'«) cos ^ — {nV + n7) cos B 

- (Zm' + fm) cos 0=0. 

Writing, for shortness, 

Z7a*+FJ"+ TFc* + 2 [7' Jc + 2 F'ca + 2 TF'oJ = jD, 
ttt?M> + 2uvv) — W* — tw'* — %oul^ = £r, 

we see, by reference to Art. 12, that 

TX vfvm. nn 



a rect- 



Du^Kcf Dv-Kb^ Dw^K(? 

\ (mn' + m'n) __ ^ {nV + n'l) j {M+ Tm) 
Du-^Kbc " Dv'-Kca "" Dto'-^Kab ' 

6- 
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Hence the required condition is 

D {u + v + w '-2u' COS A — 2v' coa B — 2w?' CP? 0) 
— iT (a' + 5' + c" — 2hc cos ^ — 2ca cos 5 — 2aJ cos Of) =0, 

Now a" + J" + c^ — 2Jc Qos A -r 2ca cos B — 2a& cos (7= 
identically, hence the required condjition becomes 

u + v^ w — 2u CQS j1 ^ 2t;' qos jB— 2ti;' cos 0= 0. 

Cob. It hence appears^ that the condition that the 
conic 

^'^% + 1?'7« + v'otiS = 0, 

described about the triangle of reference, maj be a rectan- 
gular hyperbola, is 

tt cos A'\'v' cos5+ w* cos (7=5.ft} 

that is, the conic must pass trough tihe point determined 
by the equations 

acos-4 = )8cos-B = 7Cos C 

This point (see Art. 5, Chap, i.) is the point of inter- 
section of the perpendiculars 1^ falii ftom each angulav point 
of the triangle ojx the opposite sid,e. Hqnce yfQ obtain the 
following elegant geometrical proposition, that every rectangvr 
lar hyperbola descried about a given trianaU passes through 
the point of intersection of the perpendiculars let fall from 
each anguiar point of the triangle on ^ opposite siidkh 

Again, if u\ t;', to' be all< = 0, the condition ill 

w + V + w s= 0, 
proving that, if the equation 

represent a rectangular hyperbola, the curve wiH pass through 
the four points for which 

(^^ffi^fh ^<k^fi^y>f a^-^=57i «-=*/8.«-7. 
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83 



In othfer words, ifn rectangular kyperbcHa he ^o described 
that mch angulat point of d given triangle is the pole^ with 
respect to it, of the oppo^t6 side^ it wilt pass through the 
centres of the four circles which touch the three sides of the 
triangle. 

14. To investigate the conditions that the general egtmtion 
of the second degree shall represent a circle. 

The property of the circle, which we shall assume as the 
basis of our investigation, is the following: that if, through 
any point, chords be drawn cutting a circle, th6 rectangle, 
contained by their segments^ is invariable. 

Suppose then, that the curve, represented by the equa- 



tion 



cut 



ua^ + v^ + tvr^+ 2v!fiy + 2vya + 2w'a^ = 0, 
BG in Jj, c^, GA in c^, a,, AB in a,, J3, 

Fig. 17. 




then, if this curve be a circle, 

Ac^ . Aa^ = Aa^.Ah^, Ba^ . B\ = B\ . Be,, Gb, . Gc, = Cb, . Ca„ 
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Let A, K be the respective distances of c^, a^ from AB\ 
g^ g\ those of a^^ J, from A G : then, multiplying the first of 
the above three equations by sin*^, we get 

ft 

hh'^gg. 

Now A, 7i are the two values of 7 obtained by putting 
)8 = in the equation of the conic section, bearing in mind 
that, when /8 = 0, 

aa + 07 = 2A. 

This gives, for the determination of 7, the equation 
w (c7 - 2 A)' + iraV + 2at; 7 (2 A - 07) =» ; 

whence, by the theory of equations, 

W.4A'* 



AA' = 



uc* + wd? — ^v'ca ' 



Similarly, ffff'- ^.^"Jt\^>^ ' 

Hence, since Ac^.Aa^ = Aa^^Ah^j we obtain 
ttc" + wa^ — 2vca = va^ + wJ^ -• 2wab. 
Similarly, from the condition 

we find va^ + 1« J' — 2wah = wV + t?c* — 2m' Jc. 

The condition Ci^ . Gc^ = Cc, . Ga^ 
gives wJ' + vc* — 2u'lc = wc* + w?a' — 2t;'ca, 

which also follows from the preceding two equations. Hence 
the equations 

wV + vc* — 2uhc =^iix?-^ wdf — 2v'ca = va" + wA* — 2t<?'aJ 

are necessary conditions that the given equation should re- 
present a circle ; and, since they are two in number, they are 
sufficient. 
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15. To determine the intersection of a circle with the 
line at infinity. 

Since, at every point in the line at Infinity, 

we shall have 

a = , 

a 

a,_ aafi + c/Sy 

c ' 
Substituting these values In the equation 

ucc' + vl3^ + vr/ + 2ufiy + 2vyOL + 2wal3=^0, 
we get 

or, multiplying hy aJc, 

(2w' Jc — v(? — wV) afiy + (2v'ca — wa^ — wc") Jya 

+ (2M?'aft — wJ* — m*) «a^ = 0, 

which, if the conic be a circle, reduces to 

affy + by a + ca/S = 0, 

shewing that every circle intersects the line at Infinity in the 
same two points as the circle described about the triangle of 
reference ; that is, aU circles intersect the line at infinity in 
the same two points. These points are, of course, imaginary. 

From this it follows that every circle may be represented 
In either of the following forms, 

0^87 + hycL + cdfi + (Za + mfi + ny) {aa 4- J^S + cy) = 0, 

8ln2-4.a*+sin2J5.^+sin2 (7.7^+ (Xa+/Lt)8+z;7) (aa+5)8+O7)=0. 
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16. It -may be shewn, by a geometrical investigation 
similar to that in Art. 14, that if /o^, /o,, p, be the semi-diame- 
ters of the conic respectively parallel to the sides of the 
triangle of reference, 

p* iyoV + vc* — 2ulc) = pg* (wc* + wa* — 2vca) 

=* Pa* (^^* "^ ^^' — 2w ai). 

Hence, if two conies be similar and similarly situated, 
the values of the ratios denoted by 

must be the same for both. 

Hence, also, by reasoning similar to that employed in 
Art. 15, it follows that all conies, similar and similarly 
situated to each others intersect in the same two jmnts in the 
line at infinity. 

These points will be real, coincident, or imaginary, accord- 
ing as the conies are hyperbolas, parabolas, or ellipses. 

If the conies, in addition to being similar and similarly 
situated, are also concentric, they will touch one another at 
the two points where they meet the line at infinity. 

17. To find the radical axis of two similar and similarly 
situated conies. 

By multiplying the equation of one of two given conies 
by an arbitrary constant, and adding it to the equation of the 
other given conies, we obtain the general equation of the 
system of conies passing through their four points of inter- 
section. By suitably determining the arbitrary constant, we 
may make this equation represent any one of the three pairs 
of straight lines passing through these four points. In the 
case, therefore, in which the two conies are similar and 
similarly situated, it must be possible so to determine the 
constant that the left-hand member of the equation may 
break up into two factors, one which equated to zero re- 
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presents the line at infinitj^ and the other tiie radical axis. 
Hence, if 

ua^ + v]3^ + tor/' + 2ul3y + 2 v'ya + ^waj3 = 0, 
po?+q^+rf/+ 2pl3y + 2qya + 2r a/3 « 0, 

be the equations of two similar and similarly situated conies, 
it must be possible to determine the arbitrary multiplier k, 
so that 

{u + kp) a"+ (v+kq) ^-hito + kr) 7* 

+ 2 {u +kp') i3y + 2 {v' ^hjf) ya+2 {w' + kr')afi 

identically. 

This gives, equating the coeffioiesnts of ^, 7a, ajS 

c h 

2 {u' + kp') =^(v + kq)^ + {w + kr)-', 

2 {v + kq') =^{w + kr)- + {u +hp) - , 

c a 

2 {w' + kr') = {u + kp) - + (t> + A?^) | ; 

,_ toh^'\-vc* — 2u'bc^ u(^ + wa* — 2vca 
*" rfc' + jc^ — 2p'ic"~ ^+ra'— 2j'ca 

t?a* + w5' — 2tr'a& 

(The identity of these three values of k is ensured by the 
condition of similarity already investigated.) 

k may also be written 

cf V (? he <M ajy 
a* b* <? he ca ab 
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Hence, the equation of the radical axis becomes 

fia v^ toy P^ ,9.^ x_'n 

a c a c 



u V w u V ^ P , 9 , ^ P Q ^ 

M ■ w^^ >— a*^^ ^^^ «^^ — ^^— ^m^m mm^^-am ^^^m w^^ia* ^^wv ^iwM jS^m WV^ ^"^ ^b^* «h^^v mih^ %^^^_ ^^^ ^b^hw 

a' i" (? be ca ah a* V c* he ca ah 

18. As an example of the application of this formula we 
may take the following theorem. The nine-point circle of a 
triangle {that is, the circle which passes through the middle 
points of its sides) touches each of the four circles which touch 
the three sides of the triangle. 

Suppose that 

Xa + /A)8 + 1/7 = 

is the equation of the radical axis of the inscribed and nine- 
point circles. The equation of the nine-point circle will then 
be (see Chap. li. Art. 10), 

a^ (5-a)« a« 4- i' («-&)• /3» + c«(^-c)V 

— 2hc (s — J) (5 — c) /87— 2ca {s — c) (« — a) 7a 

- 2a& (« - a) (« - i) a)8 + (\a + /Ai8 + vy) {aa+hfi + cy) = 0. 

If this represent the nine-point circle, it must be satisfied 
when a = and bfi^cy. Hence 

(,-5y + (,-c)»^2(.-J)(.-o)+2^J + ^)=0, 

fi V (b — cY 
be 2 



bimilarly 7 + :: = — o — » 



a 2 

>^ , /f _ (g - iy . 

a'^b" 2 ' 

2\_ (c-a)'+(a-6)'-'(&-c)' 
a 2 

= (a-5)(a-.c); 
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/. X = J a (a — J) (a — c). 

Similarly /a = J i (J — c) (i — a), 

j/ = ic (c— a) (c- J). 

This gives, for the equation of the radical axis, 



Now, to ascertain whether this touches the inscribed circle, 
we have, applying the condition of Chap. II. Art. 9, to in- 
vestigate the value of 

cos' — + —J— COST -- + cos' ~ , 

a 2 2 c 2 

or -T- {(J — c) (« — a)4-(c — a) (a — h) + {a — h) (« — c)}, 

which is 0. Hence, the radical axis touches the inscribed 
circle, and therefore the inscribed and nine-point circles touch 
one another. Similarly, it may be proved that the nine-point 
circle touches each of the escribed circles. 

19. The equation of the nine-point circle may be de- 
duced by substituting the above values of \, ytt, j/, or (perhaps 
. more neatly) by expressing the fact that the curve 

UOL^ + v0^ + tor/ + 2ufiy + 2v'yoL + 2w'a^ = 

passes through the middle points of the sides of the triangle, 
and combining the equations thus obtained with those inves- 
tigated in Art. 14. The former gives 

vc' + wV + 2u'bc = 0, 

wa^ + tu? + 2v'ca = 0, 

ub^ + va* + 2w'ah = 0. 

Hence, by Art. 14, 

uhc = vca = w'db. 
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Supposing u' =^ — (1^ we get 

with two similar equations, whence 

u h^+c^ — a^ 2 cos A 
a'* ttbc a ^ 

.\ u ^ 2d cos A. 

Hence, the nin6-^oint circle is represented by the equation 

a cos -4 . a^ + 5 cos -S . )8* + c cos (7 . y — a^y — hya — ca^S = 0. 

Cor. It hence appears that the nine-point circle passes 
through the points of intersection of the circumscribed and 
self-conjugate circles, or has a common radical axis with them. 

20. We have investigated, in Art. 10, the equation of 
the pair of tangents drawn to the conic from a given point 
(/) 99 ^)* If these two tangents be at right angles to otiQ 
another, thev may be regarded as the limiting form of a 
rectangular hyperbola, a«d must therefoi^e satisty the equa- 
tion investigated in Att 13. This, therefore> gives as the 
locus of the intersection of two tangents at right angles to 
one another 

+ 2{U'f+ Ugh - V'fg - Whf) COS A 
+ 2 {Vy+ FA/- W'gh-- U'fg) cosB 
+ 2 [Wh'+ Wfg-^ V'hf^ Vgh) cos (7=0. 

This may be shewn (see Art. 15) to represent a circle, as 
we know ought to be the case. 

This equation may also be expressed in the following 
form 

V-\rW+2UGo^A^, Tr4-C^+2F'cos5 

A 9 



(af+hg + ch) \^ /+ 



tr+F+2Tr'cos(7 
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/Ua*+Vb'+Wc''+.^U'bc-¥2rca+2W'ai\, , ' , .. ^ 
- ^ ^ j{agh+bhf+cfff)==0. 

If the conic be a parabola, then (see Art. 6) this breaks up 
into two factors, one of which is- the liije at infinity ; and 
the other must represent the directrix, since that is the locus 
of the point of intersection of two tangents to a parabola at 
right angles to one another. 

The appearance of the line at infinity as a factor in the 
result in tnis case may be explained as follows : Every para- 
bola touches the line at infinity, and this line also satisfies 
the algelnraical condition of being perpendicular to any line 
whatever, since, whatever Z, w, 7^ may be, 

al-irhm-k-en— {hrK+cm) cos-4— {cl+an} cos j&— (aw+ JQ cos (7 =a 0, 
identically. 

It therefore will fbnm a pajot of li^ locus ^£ tiie intersec- 
tion of two tangents at right angles to one another, the two 
tangents being the line at infinity itself^ and any other tan- 
gent whatever. 

The directrix of the parabola is therefore represented by 
the equation 

V+W+2U' cos A W+U+^V'coaB ^ 

a+ j: ■ — y9 

a o 

Z7+ F+ 2 TT' cos <7 

-ys=Oi 



\% -1 



21. To find ihA magmtude qftha axes of the eonie^ 

Let a, 0, 7 be the co-oxdinates* of the centre; and, for 
shortness' sake, put 

a-a=a;,. fi-fi-y, y-^^^z. 

Then if r be the semi-diameter drawn fronr thc^ centre to 
a, j8, 7, we have (see Art. 3) Chaj>, h) 

r*=^T^ (a cos ^.aj"'+ J cos -B.y* + cco8.<7*«^^#.»..(l)A 



94 



MODEBK QEOMETBY. 



Again, from the equation of the conic, 

= ^ (a, J8, 7) + 2x (wa + 10'"^ + vy) 

•{•2y {wa + v^ + u'y) + 2z {va + u^ + toy) 

Now, by Art, 11 of the present chapter, 

ua + w*P + v*y __ w'a + v0 + uy __ va + u'l3 + wy 
a b c ' 

Also, aaj + Jy + CiS = a (a — a) +J(^ — y8) + c (7 — 7) = 0...(2) ;. 
or, vaf + t?y* + w^ + 2uyz + 2vzx + 2w7'ajy 



w, w , t; 






tt?', v, tt' 


(2A)« 


t?', w', tt? 




w, «?', i?', a 




w\ t?, w', J 




v, w', t^, c 




a, £, c. 








(3). 



(See Art 12, Cor.) 

Now the semi-axes are the greatest and least yalues of 
the semi-diameter. We have then to make 



4A^ 
ahc 



r* = acos^.a? + Jcos-B.^ + ccos (7.«" 



w 



a maximum orminimum, a;, y, z being connected by the rela- 
tions (2) and (3)k 

Multiply (2) by the indeterminate multiplier 2/a, (4) by 
X, adding them to^ (3), differentiating, and equating to zero 
the coeffidents 6f each differential, we get 
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ux +w^t/ + vz + Xa COB A .x+fia^^O 
w'x + vy r\-uz-\-'Kb cos B.y + fib = 
v'x +u'y + 10^ + ^0 cos (7. « +/AC = 

Multiplying these equations in order by a?, y, z, and add- 
ing, we get 



Uy V) y V' 




Wy Vy U 




V\ Uy W 




Uy Wy Vy « 


W'y Vy U'y I 


V'y U'y Wy C 


Gy by Cy 






+ \-—=0 
abc 



Substituting this value of X in equations (5), and elimi- 
nating Xy yy z from the equations combined with (2), we 

obtain the following quadratic for the determination of -, : 



(08 cos A \ 

\-^ — ~J' 



-w'. 



— to 



— V 



(' 



ha cos B 



r* 



-.). 



— t; 



— w 



a 



1 



— tt 



/(»cos G \ 

^__ — „j, 



h 



Wl. c 





= 0, 



where « is written for 





,Uy w\ v' 




dhc 


w\ Vy v! 

V'y U'y W 






Uy Wy Vy a 




Wy V, Uy b 




V, u'y Wy C 




Uy by Cy 


01 



This equation determines the semi-axes. 
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1 . 



22. To find ike area of the eomo. 

In the above equation, the ooeffici^at of •^, id 

— oAce^ {a cos B cos C^+ S eos Oto&A + c coff ^ cos -B), 
which is equal to 
aVcV 



2A 



(sin-4 cos J? cos C + ainBcos GcoaA 



a 



^b'cV 



2A 



+ sin G cos A cos -B) 
sin-4 sin5sin C7 = — 4A'. «*. 



The term independent of r* is 



w, w , V 



a 



t^', V, Uy b 



V, Uy w, c 



a, by 







Hence the product of the two values of r* is 



4AV 



«^» 



u, 


w', 


V, 


a 


w'. 


». 


«', 


b 


'«'. 


«', 


w, 


c 


o, 


», 


<5| 






The area of the conic is, therefore, 



27rAdbc 



:t^, «?', t?' 






tt?!, V, u! 




v\ u\ w 




Uy V)\ v', 


— a 


f 


(«?V. V, 1*;, 


-J 




t?', tt', w, 


— c 




a, 5, c, 
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From the above investigation may be obtained the crite- 
rion which determines whether the conic be an ellipse or 
hyperbola. For, in the hyperbola, the two values of r^ have 
opposite signs, hence the curve will be an ellipse or hyper- 
bola according as 

v\ u\ w, c 
a, h, Cy 

is negative or positive ; or according as 

Ua^+ W+ Wc^ + 2irbc + 2rca + 2W'ab 

is positive or negative. 



Examples. 

1. Each angular point of a triangle is joined with each of 
two given points ; prove that the six points of intersection of the 
joining lines with the opposite sides of the triangle lie in a conic. 

2. A conic is described, touching three given straight lines 
and passing through a given point; prove that the locus of its 
centre is a conic. 

Express, in geometrical language, the position of the given 
point relatively to the straight lines, in order that the locus of 
the centre may be a circle. 

Also find the locus of the given point, in order that the locus of 
the centre may be a rectangular hyperbola. 

3. Four circles are described, so that each of the four tri- 
angles, formed by each three of four given sti*aight lines, is self- 
conjugate with respect to one of them ; prove that the four circles 
have a common radical axis. 

4. If A, JB, C, A\ By (7' be six points, such that the straight 
lines B(jy G'A\ Aff are the several polars of the points A^ B, C7, 
with respect to a given conic, prove that 

F. 7 



^ I 
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The tliTee straight lines AJ^^ BB\ (7(7, intersect in a point ; 
and that 

The points of intersection of BG with BG\ GA with G'A\ AB 
with A'B\ Ue in a straight line. 

5. If two triangles circumscribe a clonic, their angular points 
lie in another conic. 

6. The equation of a conic circumscribing the triangle of 
reference, and having its semi-diameters parallel to the sides equal 
to r J, r^, r^ respectively, is 

a h c f. 
+ — ^ + — 5- = 0. 



r^'a r/^ r^y 

7. A conic always touches the sides of a given triangle; 
prove that, if the sum of the squares on its axes be given, the 
locus of its centre is a circle, the centre of which is the point of 
intersection of the perpendiculars let fall from the angular points 
of the triangle on the opposite sides. 

8. If 6 be the angle between the asymptotes of the conic, 
represented by the general equation of the second degree, prove 
that 



0, sin^, sin^, sin (7 



sin^, 


«. 


w'. 


1/ 


sin^, 


w', 


«, 


u' 


sinC, 


»; 


«', 


w 



— (w + 1; + to — 2«*'cos A — 2i;'cos B 
-.2woosC)"tan*tf = 0. 



9. The two circular points at infinity may be I'epresented by 
the equations^ 
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CHAPTER V. 



TKIANGULAE CO-ORDINATES. 



1. Wb shall now give a concise account of a system of 
co-ordinates which differs from that which has been the 
subject of the preceding chapters in assigning a slightly 
different interpretation to the co-ordinates. In the system 
which we are about to explain, the position of a point P is 
considered as determined by the ratios of the areas of the tri- 
angles PBG, PCA, PAB, to the triangle of reference ABC. 
If these quantities be denoted by the letters a;, y, Zy they will 
be connected by the identical relation 

x + y + z = l. 

2. In this method, as in that of trilinear co-ordinates, an 
equation of the first degree represents a straight line, and 
one of the second degree a conic. 

Again, since x : aa :: y : b^ :: z : cy, it follows that if 
the same straight line be represented in the two systems by 
the equations 

la + m^ + ny = 0, 

Vx + m'y + n'jj = ; 

.•• I : Va :: m : mb :: n : n!c. 

Hence we may pass from any relation among the coeffi- 
cients in the trilinear system to that in the present one, by 
writing ?a, wJ, nc^ for ?, w, n, respectively. Similarly, in 
conies, we may pass from any such formula to the correspond- 
ing one, by writing 

ua\ vb\ wc*, tt'Jc, vca, w'ai, for tt, v, w, u\ v\ iv\ 

7—2 
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And, since 27= vw — w", 

we must write for Uy bVU^, and similarly for V and TT, 
cWr, aVW. 

Also, since U^ = vw' — ww', 

we must write for U\ c?bcU\ and similarly for V and W\ 

Hence we obtain the following synopsis of formulas ; 

The straight lines drawn through the angular points of a 
triangle, bisecting the opposite sides, are represented by 

y-^z = Oj « — aj = 0, aj — y = 0. 
The internal bisectors of the angles, by 

y-?=o 5-?=o 5-2=0 

be c a ^ a 

The perpendiculars, by 

ycotJB — «cot 0=0, «cot 0— ajcot-4=a0, 
arcot-4 — y cot5 = 0. 

The distance between two points, by 
or by 



1 



-T 



The condition of parallelism of the straight lines 
Ix + my +nz=: Oj Z'a; + 9w'y + n« = 0, is 

= 0, 



1, 


I, 


I' 


1, 


OT, 


m' 


1, 


n, 


1 

n 



or inn'— m'n + nV — n!l + &ii'— Z'm = 0. 



• .• ^ • 
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The condition of perpendicnlaritj, 

2ZZ V + 2mm'V + 2nnV - {mri + m*n) {V" + (?-a^ 

-K +n7)(c' + a^-6^ 
-(W+rm)(aHy-c')=0, 
or {(Z-m) (r-n') + (Z-n) (r-m')}a« 
. +{(m-n) (m'- r)+(m^l) (m'~ w')} J* 
+ {(n - I) {n'^m') + {n^m){n: - Z')} ^" = 0- 

The perpendicular distance from the point {x, y, z) to the 
line lx + my + nz = Oy is 

{lx + mj/+ m)2A 

{(Z-m)(Z-w)a'+(m-w)(m-Z)J'+(7i-Z)(w-m)c*}*' 

The line at infinity will be represented by a? +y + « = 0. 

3. Again, in conies we have the following fommlse : 
The conic will be a parabola, if 

u, w\ v', 1 =0, 

w\ T?, u, 1 

v\ u\ w, 1 

1, 1, 1, 

or if U+r+W+2U'+iV'+2W'=0. 

A rectangular hyperbola, if 

or {u + u'—v'—tv')<f + {v + v' — w'—u')l^ 

A circle, if 

v + v) — 2u' w + u — 2v' u + v — 2w' 



o" 



6' 
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The centre is given by 

X y 



w\ 


v\ 


1 


V, 


< 


1 


u\ 


w, 


1 



«'. 


w\ 


1 


w, 


v\ 


1 


1 


u, 


1 





z 




«', 


< 


1 


«, 


w\ 


1 


w'. 


Vy 


1 



or 



X y z 



The equation of the asymptotes is 



u, w\ V, 1 

W, V, Uy 1 

V y u\ w, 1 

1, 1, 1, 



i> {^> y> «) + 



V, Uy w 



(aJ+y + 2)* = 0. 



The radical axis of two circles 

uof + vy* + ws? + 2uyz + ^vzx + 2wxy = 0, 
poi? + jy* + vs^ + 2p ^2? + ^g[zx + 2t;'a?y = 0, 

is represented by the equation 

ux-^vy-\-wz _ px + gy + r« 



tt + t?+ti? — m' — v' — to' p + j + r— ^' — j'— r'* 
The circular points at infinity by 



a c 



Other formulae may be adapted in a similar manner. 
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CHAPTER VI, 



EECIPROGAL POLAES. 



1. The theory of Reciprocal Polars, which will be 
treated of in this chapter, discusses the relations which 
exist between systems of points and straight lines which are 
the poles and polars of each other with regard to any conic ; 
and shews how from the properties of a curve, regarded as 
the locus of a moving point, may be deduced those of another 
curve which is always touched by the polar of this moving 
point with regard to a fixed conic. The theory is especially 
valuable when the conic, with respect to which the poles and 
polars are taken, is a circle. 

2. The polar of the point of intersection of two given 
straight lines is the straight line which joins the poles 
of those straight lines. This will readily be seen to follow 
geometrically firom the definitions of a jpole and polar ; or it 
may be analytically proved thus. 

Let the two straight lines be represented by the eq^uations 

Z,a + Wj/3 + w,7 = (1), 

Zja + m^ + n,7 = (2), 

At their point of intersection, we have 

« ^ ^ ^ y ^ 
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The polar of this with respect to 

to which form every conic may, by suitable choice of the 
triangle of reference, be reduced, is represented by the equation 

(WjWg- mjfi^ Ld + {nj,^ - w/J M^ + {J.^m^ - Ijfn^ ^7 = 0. . . (3). 

But the poles of (1) and (2) with respect to the same 
conic are given by 

La_M^ Ny 
LoL^M^Ny. 

Both these points lie on the line (3). Hence the propo- 
sition is proved. 

3, If a point move in any manner whatever, its polar 
will move in a manner dependent upon the motion of the 
point, and the curve which the polar always touches (its 
envelope, as it is called) will have certain definite relations to 
the path traced out by the point. The locus of the moving 
point and the envelope of its polar, are called the j[>olar 
reciprocals of one another. The use of the word reciprocal 
arises from the fact, which we proceed to demonstrate, that 
the locus of the point may be generated from the envelope 
of its polar, in the same manner as the latter curve was 
generated from the former. For shortness' sake we shall 
denote the two curves by the letters L and JK 

Let P, P be any two points on Z, the pole Q of the 
chord PF will be the point of intersection of the correspond- 
ing tangents to E (that is, of the two tangents to E which 
are the polars of P, P with respect to the conic). Now let P' 
move along L up to P, then PP ultimately becomes the tan- 
gent to i at P; moreover the polars of P and P approach 
indefinitely near to coincidence, and their point of intersection 
Q will ultimately be a point on E. But Q is the pole of PP, 
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hence the volar of any point on E ia^a tangent to L, That 
is, if a point move along J5, its polar will envelope L, In 
other words, L may be generated fix)m E, as E was irom>L. 
In this consists the reciprocity of the curves. 

The process of generating E from L^ or L from E, is 
called reciprocating L or E. 

4. K the curve L he cut by any straight line whatever, 
the polars of the several points of mtersection will be the 
several tangents to E^ drawn through the pole of the cutting 
line. And conversely, the several tangents drawn to L from 
any point will have K)r their poles the several points in which 
E is intersected by the polar of that point. 

If any two curves be reciprocated, the polar of anjr point 
common to both will be a common tangent to the reciprocal 
curves, and the pole of any tangent common to both will be 
a point of intersection of the reciprocal curves. Hence any 
two curves will have as many points of intersection as their 
reciprocals have common tangents, and as many common 
tangents as their reciprocals have points of intersection. 

If the curves touch one another, then two of their points 
of intersection coincide ; and consequently the two corre- 
sponding tangents to the reciprocal curves will coincide, 
and therefore the reciprocal curves will also touch one an- 
other. 

5. From what has been said above, it will be seen 
that the total number of tangents, real or imaginaiy, which 
can be drawn to E ox L from any point (not on the curve 
itself) is equal to the total number of points, real or imagi- 
nary, in which ii or JE? is cut by any straight line, not a tan- 
gent to it. 

A curve, to which n tangents can be drawn through the 
same point, is said to be of the n^ claasy and we may therefore 
express the above proposition by saying that the degree of a 
curve is the same as the class of its reciprocal, and the class 
of a curve the same as the degree of its reciprocal. 



106 MODERN aEOMETRT. 

6. The number of tangents, real or imaginary, which 
can be drawn to a conic from a given point is known to be 
two. Hence, the reciprocal of a conic is intersected by a 
given straight line in two points, real or imaginary, and is 
therefore of the second degree, that is, it is itseli a conic. 

7. This proposition may also be proved analytically as 
follows. 

Dep. The conic with respect to which the poles and 
polars are taken is called the aiixiliary conic' 

We have seen (Art. 15, Chap, ii.) that any two conies 
may be expressed by equations involving the squares of the 
variables only. Let then the auxiliary conic be denoted by 

La' + M^ + Nr/^^O (1), 

and the conic to be reciprocated by 

lce + m0' + nr/ = O (2). 

If (/, g, h) be any point on the required curve, its polar 
with respect to (1) will be given by the equation 

LfiL + Mgfi + JSrhry=^0. 

In order that this may touch (2) we must have (see Art. 
16, Chap. II.) 

^/"H-— / + — A" = (3). 

(3), regarding/,^, h as current co-ordinates, is therefore the 
reciprocal of (2) with respect to (1). 

Cor. It hence appears that the three points which form 
a conjugate triad for two given conies, will also form a con- 
jugate triad for the reciprocal of one with respect to the 
other. 

8* To find the polar reciprocal of the conic 

UQ? + v^ + 10'/ + 2u'fiy+ 2vyaL + 2v/afi^0 

with respect to 

a* + ^ + ^=^0. 
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[The conic, a' + jS' + y = 0, is imaginary, but the analy- 
tical process of finding the pole of a given straight line, or 
the polar of a given point, may be equally well performed, 
whether the auxiliary conic be imaginary or real, provided 
its coefficients be real.] 

Let /, g^ h be any point on the required locus, its pole 
with respect to the auxiliary conic is 

and in order that this may touch the given conic, we must 
have (Art, 4, Chap, iv.) 

0, / ^r, h =0, 

A, i;', v!i w 

or, {vw - w'»)/' + {wu - O / + {uv - w?'») A' 
+ 2 {vw-uu) gh + 2 [wu-vv) hf+ 2 {niv'- v)w)fg = 0, 

which, adopting the notation of Chap. IV., may be written 

This is therefore the required equation. 

It may be proved, in a similar manner, that if 

be the equations of any two conies, the equation of the reci- 
procal of the first with respect to the second is 

= 0. 
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9. Since the tangents at the extremity of any diame- 
ter of a conic are parallel to one another, it follows that 
the polar of the centre is at an infinite distance, and con- 
versely, that the line at infinity reciprocates into the centre 
of the auxiliary conic. Hence it follows that parallel lines 
reciprocate into points lying on a straight line passing through 
the centre of the auxiliary conic; and that the asymptotes 
of any curve, being the tangents drawn to it at the points 
where it meets the line at infinity, reciprocate into the points 
of contact of the tangents drawn to the reciprocal curve firom 
the centre of the auxiliary conic. 

Since the asymptotes of an hyperbola are real, while those 
of an ellipse areVaginary, it foffwsthat the tan^nts, drawn 
from the centre of the auxiliary conic (supposed real) to the 
reciprocal curve, will be real or imaginary, according as the 
original curve is an hyperbola or an ellipse. If it be a para- 
bola, the reciprocal curve will pass through the centre of the 
conic, which is in accordance with what has already been 
stated, that every parabola touches the line at infinity. Con- 
versely, if one conic be reciprocated with respect to another, 
the reciprocal curve will be an ellipse, parabola, or hyperbola, 
according as the centre of the auxiliary conic lies within, 
upon, or without, the original conic. 

10. We have now sufficient materials for transforming 
any descriptive proposition, that is any proposition relating to 
the position of lines and points, without reference to consi- 
derations of magnitude, into another. Before proceeding fur- 
ther, we will give a few examples of this process. 

We will first take the following proposition. " If two of 
the angular points of a triangle move each along a fixed 
straight line, and each side pass through a fixed point, the 
three points lying in the same straight Ime, the third angular 
point will move along a straight une, passing through the 
intersection of the straight lines along wnich the other angu- 
lar points move." 

The reciprocals of the three sides of the given triangle 
will be three points, which may be considered as the angles of 
a triangle, which may be callea the reciprocal triangle. Those 
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of the angular points of the first triangle will be the sides of 
the reciprocal. Those of the fixed straight lines, along which 
two of the angular points of the first triangle move, will be 
fixed points through which two of the sides of the reciprocal 
triangle pass. Those of the three points, lying in the same 
straight line, through which the sides of the given triangle 
always pass, will be three straight lines, intersecting in a point, 
along which the angular points of the reciprocal triangle 
always move. Hence the data of the reciprocal proposition 
will be " Two of the sides of a triangle pass each through a 
fixed point, and each angular point moves along a fixed 
straight line, the three straight lines passing through the 
same point," In the given theorem, the thing to be proved 
relates to the motion of the third angular point. To this 
will correspond the third side of the reciprocal triangle. To 
the straight line, passing through the intersection of the 
two given straight lines, along which the third angular point 
may be shewn to move, corresponds a point lying in the 
same straight line with the two given points, and through 
this the third side will always pass. Hence, under the cir- 
cumstances stated above as data of the reciprocal theorem, 
" the third side will pass through a fixed point lying in the 
straight line joining the two fixed points, through which the 
first sides pass*/' 

* The giren theorem may be expressed, by the aid of letters, as follows : 

Let PQR be the given triangle, and let its angular point Q move along 
a fixed straight line UX, its angular point H along a fixed straight line OY, 
Also, let the straight line QR always pass through a fixed point F, RP 
through a fixed point Q^ PQ through a fixed point jET, the three points F, 0, H 
lying in the same straight line. Then the given tiieorem tells us that the 
point P will always move along a fixed straight line, passing through 0, 

Kow let the whole figure be reciprocated with respect to any conic section. 
Let the line which is the polar of any point be denoted by accenting the 
same 9m^ letter by which the point is denoted in the original figure ; the polar 
of P, for example, being denoted by P', Then the point of intersection of the 
lines P\ Q! will be denoted by the two letters P' Q!, and this will be the pole 
of the line PQ. We have then a triangle of which the sides are P\ Q\ R\ 
the side Q! always passing through a fixed point (XX', the side Ff through a 
fixed point (/Y^, Also the an^dar point Q'R' always moves along a fixed 
Btraiffht line F', the point FfP' along a fixed straight line (T', tiie point 
i^Q^ along a fixed straight line n\ the three straight Unes jP', Q^, W passing 
through the same point. Then the reciprocal theorem is that the side P' wiU 
always pass through a fixed point lying in the line Q'. 

The Btadent will find the above mode of transformation, in which a 
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Again, turn to Example 4, on page 57^ and let us inves- 
tigate the reciprocal theorem. The three conies touching 
respectively each pair of the sides of a triangle at the angu- 
lar points where they meet the third side, will reciprocate 
into " three conies passing respectively through each pair of 
the angular points of a triangle, and touching the lines joining 
them with the third angular point," that is, the sides of the 
triangle themselves. This condition, therefore, reciprocates 
into itself. The condition " all intersecting in a point" 
reciprocates into " all touching a straight line." Hence the 
data are, "Three conies are drawn, touching respectively 
each pair of the angular points of the sides of a triangle at 
the points where they meet the third side, and all touching 
a straight line." 

In the matter to be proved, we may first enquire what are 
the reciprocals of "the sides of the triangle which intersect" 
(that is, which do not touch) "their respective conies." These 
will be " the angular points of the triangle not lying on their 
respective conies." The three tangents at their common 
point will reciprocate into "the three points of contact of 
their common tangents." And the meeting of the tangents 
with the sides will reciprocate into the Unes joining the 
points of contact with the angular points. Hence the first 
thing to be proved is, " That the three straight lines joining 
the points of contact of the common tangent with the angu- 
lar points of the triangle not lying on the respective conies 
all pass through a point." 

Again, "the other common tangents to each pair of 
conies" reciprocate into "the other points of intersection of 
each pair of conies," and "the sides of the triangle which 
touch the several pairs of conies" into the angular points of 
the triangle " common to the several pairs of conies." Hence 
the latter part of the theorem will run : " And that the same 
three straight lines respectively join the other point of inter- 
section of each pair of conies with the angular point of the 
triangle common to each pair." 

straigbt line is denoted bj a single letter, and a point bj the pur of letters 
representing any two straight lines which intersect in it, a useful mode of 
familiarizing himself with the method of reciprocal polars. 
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11. After a little practice, the process of reciprocating 
a given theorem will be found to consist simply in writing 
"straight line" for "point," "join" for "intersect," "locus" 
for "envelope," &c., and vice versd. The word "conic" 
will of course remain unaltered. 



12. BrianchorCs Theorem. 

By reciprocating Pascal's Theorem (given in Art. 12, 
Chap. III.), we obtain Brianchon's Theorem, which asserts 
that 

"If a hexagon be described about a conic section, the 
three diagonals will intersect in a point*." 

* It may be weU to append an independent proof of this important theorem. 

Take three sides of the hexagon as lines of reference^ and let the equations 
of the other three be 

Let the equation of the conic be 

(Za)* + (3f)3)* + (iV7)*=0. 
The conditions of tangency are 

X+— +— = 0, 

mi Wi 

L ^r N ^ 

1 1 



whence 






I 



»a 



= 0. 



^ i 1 

The line passing through the intersections of /3=0 with P,, m^ 1) and of 
7=0 with (2j, 1, nj is represented by the equation 

Similarly, the other two diagonals are represented by 



nil 



nit 



- + ^+7=0; 
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The student will find it useful to transform, by the 
method of reciprocal polars, the special cases of Pascal's 
Theorem, given in Art. 13, Chap, iii.; and to obtain a geo- 
metrical construction by which when jive tangents to a conic 
are given, their points of contact may be found* 

13. The anharmonic ratio of the pencil formed by four 
intersecting straight lines is the same as that of the range 
formed by their poles. This may be proved as follows. 

Let OP, OQ, OR, 08 be the four straight lines, P\ Q, 
B\ 8^ their poles, which will lie in a straight line, the polar 




Fig. i8. 

of 0; let P, Q, B, 8 be the points in which the pencil is 
cut by the transversal FQE8*. 

Let this transversal cut the conic in K^^ K^. Bisect 



whence, if these inienect Id 
apointi 



1 1 i 

1 1 i- 

Wl Wis 

i i 1 



n 



w» 



0; 



the same oonditloii as that ahready investigated. 
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K^ K^ in F. Then, since PK^P^K^ is divided harmonicallj 
in P, Z;, P, K^ (Art. 21, Chap, ii.), it follows that 

PK^ . jP -K^ = -^-^ • -P-^ J 
whence 

(FP- FZ;) (F2r,+ FP) = (FP+ FJg (FZ;- FPO, 

which since FK'j^= FS^, reduces to 

FP.FP'=F£,*, 
which, by similar reasoning, 

= VQ. F(2' = Fii. FB'= VS. VS. 

Hence the eight points P, Qy P, /S, P, C P', 5' are in an 
involution, of which K^y K^ are the foci, and therefore 
(Art. 27, Chap. !•) 

{0.PQR8]^\PQ!B;S^. 

14. In Art. 13, Chap. !• we saw that the condition that 
the three points (Z^, iw^, n^), (Zj, w,, n^, (?g, mg, n^ shall lie 
in the same straight line is identical with the condition that 
the three straight lines (Zj, w^, wj (^j, »Wj, w^), {l^^m^.n^ 
shall intersect in the same point. Now these several points 
and lines are respectively the poles and polars of each other, 
with respect to the imaginary conic 

a' + /3» + 7' = 0. 

Thus the theory of reciprocal polars explains the fact 
that the condition for three points lying in a straight line 
is identical with that for three straight lines intersecting in 
a point. It also explains the identity of conditions noticed 
in Chap. II, Arts. 7 and 9. 

For the reciprocal of the conic 

\V+fi^^ + i^'f--2/ivfiy''2v7</yoL--2\fioifi=^0 (1), 

with respect to 

tf + iS' + ^/^O, 

will be found to be 

'Kfiy + fiyoL + vTifi^O (2). 

F, 8 
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And the polar of (/, g, h) ia/a +fffi + A7 = 0. 

Hence if the line fa+gfi + hy^O touch (I), the point 
(/> 99 ^) li^ 1^ (2)> giving for tiie condition of tangencj 

f ff ^ 

And if the line ,f^ + g^ + hy = touch (2), the point 
(/, g, h) lies in (2), giving for the condition of tangency in 
that case 

Xy» + f^y + v'h^ - ^vgh - 2vXhf- ^Kfifg = 0. 

These conditions of tangencj are identical with those 
already investigated. 

Again, every parabola touches the line at infinity. Now 
the co-ordinates of the pole of this line are proportional to 
a, J, c. Hence, if the conic, represented by the general 
equation of the second degree, be a parabola, the point 
(a, J, c) must lie in the reciprocal conic. This gives, as the 
condition for a parabola, 

the same as that already investigated. 

15. Pkop. Any straight line draum through a given 
point A is divided harmonically by any conic section^ and the 
polar of K with respect to it. 

This proposition may be proved as follows. Let the 
straight line cut the curve in P and Q^ and the polar of A in 
B. Let G be the polar of the straight line, and let ABG be 
the triangle of reference. The conic will be self-conjugate 
with respect to AlBG^ and will therefore be represented by 
the equation 

Hence the lines CP, GQ^ which are tangents to the conic, are 
represented by the equation 

uo? + v^ = 0, 

and therefore form an harmcmic pencil with GA^ GB. 
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16. The straight line CB insij be regarded as the polar 
of A with respect to the locus made up of the two straight 
lines (7P, CQ. For the values of fi and 7 at J[ being 0, 0, 
and the equation of GP, GQ being ua^ + v^ ^ 0, we get for 
the equation of its polar/ a^O, that is, the polar is the 
line AB. 

17. If four straight lines form an harmonic pencil, either 
pair will be its own polar reciprocal with respect to the other. 
For, adapting the equation of Art 8, to the case of two 
variables only, we get for the polar reciprocal of aff = 0, with 
respect to wa* + v^= 0, the following equation, 

0, t*a, v^ 
tia, 0, 1 = 0, 
t;A 1, 

or uva^ = 0. 

And, conversely, for that of uo? + v^ = with respect 
to 0/3 = 0, 

6, A a 



Aw, 
a, 0, V 



= 0, 



or wa' + -y/S" = 0, in either case reproducing the reciprocated 
curve. Hence the proposition is proved. 

18. We may hence deduce the condition that two pairs 
of straight lines may form an harmonic pencil. First let 
them all intersect m -4, and the equations of the two 
pairs be 

wa* + v/3» + 2tt?'a/3 = (1), 

(2). 



jpa' + 2^8" + 2«?'a^ « 

The polar reciprocal of (1) with respect to (2) is 

0, pa + r'^, r'a + q^ 
pa + rp, 
ra + jiS, 



w, 



to 



= 0, 



8—2 
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or u (r a + gyS)' + v (pa + v^Y - 2m?' {ra + q^ (pa + r'/9) = 0. 
Suppose that 

identically, i.e. that 

At the point of intersection of the line a + iii8=0, with 
ry = 0, we have 

|^ = -"/3, 7 = 0- 

Taking the polar of this with>espect to the curve (2) 
we get 

(pA:j-/)a + (r'^,-2)/3 = 0. 
If this be identical with a + h^ = 0, we get 

or ^£^^^-21^' (Ar^ + ij) + j= 0; 
•*. pv — 2r'to' + 2«^ = 0, 
the required condition. 

The symmetry of this equation shews that (2) is also its 
own polar reciprocal with respect to (1), as ought to be the 
case. 

19. If the point of intersection of the four straight lines 
do not coincide with one of the angular points of the triangle 
of reference, we have then only to express the condition that 
the range formed by their intersection with any one of its 
sides, 7=0, for instance, be an harmonic range. If this be 
the case, the pencil formed by joining these four points 
with G will be an harmonic pencil, and we shall have, as 
before, 

]^v — 2r V + ju = 0. 



Reciprocation with respect t*o a cibcle. 117 

^0. We next proceed to consider the results to be de- 
duced from the theory of reciprocal polars, when the auxiliary- 
conic is a circle. It is here that the utility of the theory is 
most apparent, as we are thus enabled to transform metrical 
theorems, i. e. theorems relating to the magnitvdes of lines 
and angles. 

We know that, if PQ be the polar of a point T with 
respect to a circle, of which the centre is 8 and radius h, 
then iSr will be perpendicular to FQ. Let ST cut PQ in F. 
Then 

ST.SV^T^. 

Hence the pole of any line is at a distance from the centre 
of the auxiliary circle inversely proportional to the distance of 
the line. And conversely, the polar of any point is at a dis- 
tance from the centre of the atixiliairy circle, inversely propor-' 
tional to the distance of the point itseffi 

21. If TX, TY be any two indefinite straight Imes, 
P, Q their poles, then, since SP is perpendicular to TX^ 8Q 
to TYy it follows that the angle P8Q is equal to the angle 
XTY or its supplement, as the case may be^ Hence, the 
angle included between any tv)o straight lines is equal to the 
angle subtended at the centre of the auxiliary circle by the 
straight line joining their poles, or to its supplements 

22. From what has been said in Art. 15, and the earlier 
articles of this chapter, it will appear that to find the polar 
reciprocal oi a given curve with respect to a circle, we may 
proceed by either of the following two methods. 

First. Draw a tangent to the curve, and from 8, the 
centre of the auxiliary circle, draw 8Y perpendicular to the 
tangent, and on 8Y, produced if necessary, take a point Q, 
such that 8Q . 8Y^ k\ The locus of Q will be the required 
polar reciprocal. 

Secondly, Take a point P on the curve, and join 8P; on^ 
8P, produced if necessary, take a point Z, such that 

8P.8Z^7(?. 

Through Z draw a straight line perpendicular to 8P. The 
envelope of this line will be the required polar reciprocal. 
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23. It will be observed that the magnitude of the radius 
of the auxiliary circle affects the absolute, but not the relative, 
magnitudes or positions of the various lines in the reciprocal 
figure. As our theorems are, for the most part, independent 
of absolute magnitude, we may generally drop all considera- 
tion of the radius of the auxiliary circle, and consider its 
centre only. We may then speak of reciprocating " with re- 
spect to S" instead of '* with respect to a circle of which S is 
the centre." 8 may be called the centre ofreciprooatton, k the 
constant of reciprocation. 

24. As an example of the power of this method we will 
reciprocate the following theorem, " The three perpendiculars 
from the angular points of a triangle intersect in a point" 

This may be expressed as follows : " If 0, -4, 5, C be 
four points, such that OB is perpendicular to CL4, and OG to 
AB, then will OA be perpendicular to BG.^^ 

Reciprocate this with respect to any point 8, and the four 
points 0, A, J?, G give four straight lines, which we may call 
each by three letters dbc, ah'c, abc'j dVc^ respectively. Then, 
the fact that OB is perpendicular to GA is expressed by h and 
V subtending a right angle at 8^ or by hm being a right 
angle. Again, the fact that 0(7 is perpendicular to AB^ 
shews that c8S is a right angle. Then the reciprocal theorem 
tells us that aSd is also a right angle. We may express this 
more neatly as follows : aa , &6', cd^ are the diagonals of the 
complete quadrilateral formed by the four straight lines, hence 
it appears that at any point at which two of the diagonals of 
a complete quadrilateral subtend a right angle, the third 
diagonal also subtends a right angle. Or, in other words, 
The three circles^ described on the diagonals of a complete quadn 
rilateral as diametersy have a common radical aaris. 

The extremities of this axis may be conveniently called 
the foci of the quadrilateral.* 

25. If the system formed by the four points 0, -4, £, G 
be reciprocated with respect to any one oi them, for in- 
stance, the triangle thus obtained will be similar, and similarly 
situated, to that formed by the other three points -4, 5, G. 

* 'This name is proposed by Mr Clifford, in the Messenger cf Ma^wmatic$^ _, 
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For if on OA^ OB^ 00 respectively (produced if neces- 
sary), we take points A\ B\ (7, so that 

OA. OA = OB. OB^ 00. 0G\ 

and through A\ B^ G' draw FZ, ZX, JTF, severally at right 
angles to 0A\ OB, 0(7', then YZ, ZX.XY^e^ res|)ectively 
parallel to BC^ CA, AB, or the triangle XYZ is similar and 
similarly situated to the triangle ABC. 

We may observe further, that the point JT, since it is the 
intersection of the polars of B and (7, is itself the pole of 
the line jB(7, and therefore OX is perpendicular to BG^ that 
is to YZ. Similarly, OYy OZ, are respectively perpendicular 
to ZXy XY. Hence, is the intersection of the perpendicu*- 
lars dropped from X, Y, Z on YZ, ZX, XF respectively. It 
may be convenient to call the point of intersection of the 
perpendiculars let fall from the angular points of a triangle on 
the opposite sides, the orthocentre of the triangle, or of its 
three angular points. Here we may say that " If a triangle 
be reciprocated with respect to its orthocentre, the reciprocal 
triangle will be similar and similarly situated to the given 
triangle, and will have the same orthocentre." 

It will be seen by Art. 19, that any three points and 
their orthocentre, reciprocated with respect to any point 8, 
give a quadrilateral, of which iS is a focus. 

26. If any eonic be reciprocated with respect to an ex- 
ternal point iS, the angle between the asymptotes of the re- 
ciprocal hyperbola will be the supplement of that between 
the tangents drawn from S to the conic. (See Art. 9 of this 
chapter.) 

Conversely, if an hyperbola be reciprocated with respect 
to any point 8, we obtain a conic, which subtends at o an 
angle the supplement of that between the asymptotes of the 
hyperbola. 

27. From the last article it follows that, if a parabola 
be reciprocated with respect to any point 8 on its directrix, 
we obtain a rectangular hyperbola, passing through 8. 

I£ a rectangular hyperbola be reciprocated with respect to 
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any point S on its circumference, we obtain a parabola wtose 
directrix passes through 8. 

Again, if a conic be reciprocated with respect to any point 
on its director circle (i.e. the circle which is the locus of the 
intersection of two perpendicular tangents) we obtain a rect- 
angular hyperbola. 

If a rectangular hyperbola be reciprocated with respect to 
any point 8 not on the curve, we obtain a conic, whose di- 
rector circle passes through 8, 

28. It is known that the conies passing through the four 
points of intersection of any two rectangular hyperbolas, is 
itself a rectangular hyperbola ; and also that any one of these 
four points is the orthocentre of the other three. If, then, we 
reciprocate these theorems with respect to any one of the four 
points of intersection, we obtain the theorem that, " If a 
parabola touch the three common tangents of two given para- 
bolas, its directrix passes through the intersection of the di- 
rectrices of the two given parabolas, that is, through the 
orthocentre of the triangle formed by their common tangents.'* 
In other words, " If a system of parabolas be described, touch- 
ing three given straight lines, their directrices all pass through 
the orthocentre of the triangle formed by the three given 
straight lines." 

Again, reciprocating this system of rectangular hyperbolas 
with respect to any point 8, we get, "All conies, which touch 
four given straight lines, subtend a right angle at either focus 
of the quadrilateral formed by these four straight lines." Or, 
in other words, "The director circles of all conies which 
touch four given straight lines, have a common radical axis, 
which is the directrix of the parabola which touches the four 
given straight lines." 

29. To find* the polar reciprocal of a circle with respect 
to any point. 

From what has already been shewn, we know that this 
will be a conic; we have now to investigate its form and 
position. 

Let 8 be the centre of reciprocation, Je the constant of 
reciprocation, MPM' the circle to be reciprocated, its centre. 
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MM* its diameter passing through B^ p its radios, and let 
08 ^c. 




Fig. 19. 

Through S draw anj straight line cutting MPM* in P 
and Q. 

On 8PQy produced if necessary, take two points Y and 
Z^ such that 

SP.SY^SQ.SZ^l?. 

The straight lines drawn through Y and Z perpendicular to 
8P will be tangents to the reciprocal conic. 



Now 



8Y. 8Z^ 



h' 



k' 



8P.SQ p'^(?' 



which is constant. Hence, the reciprocal is a conic of such 
a nature that the rectangle under the distances from 8 of any 
two parallel tangents is constant. It is therefore a conic, of 

which /S is a focus, and of which the axis-minor is r . 

It will be an ellipse, parabola, or hyperbola, according as p 
is greater than, equal to, or less than 0, that is, according as 
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the centre of reciprocation lies within, upon, or without, the 
circle to be reciprocated. This agrees with what has been 
abeadj shewn, Art. 9, 

Let 2a, 2bj be the axes of the conic, 2l its latus-rectnm, 
e its eccentricity. 

To determine their magnitudes, we proceed as follows. 
The axis-major will be in the direction 80. Let -4, A' be 
its extremities. 

Then 2_ 1 1 _ SM+8M' _2p 

Hence, l= — , or the latos-rectum is inversely ptopor- 
tional to the radius of the circle. 

Again, 



J^ 


~ l~ 


i 


"P 


Vb 


p" 


-c" 


e» 


= 1- 


a' 




= 1 


P'- 
<? 


<? 




or « 


p 







Thus the eccentricity varies directly as the distance of the 
centre of the circle from the centre of reciprocation, and in- 
versely as the radius of the circle. 

If rf be the distance from 3 of the corresponding directrix, 

e p ' c c^ 
or, the directrix is the polar of the centre of the circle. 

30. We have now the means of obtaining, from any 
property of a circle, a focal property of a conic sectioa. 
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Take, for exaniple, Euc. iii. 21. This may be expressed as 
follows : " If three points be taken on the circumference of a 
circle, two fixed and the third moveable, the straight lines 
joining the moveable point with the two fixed points, make 
a constant angle with one another." This will be recipro- 
cated into " If three tangents be drawn to a conic section, 
two fixed and the third moveable, the portion of the move- 
able tangent intercepted between the two fixed ones, subtends 
a constant angle at the focus." This angle will be found, 
by reciprocating Euc iiL 20, to be the complement of one- 
half of the angle subtended at the focus by the portion of 
the corresponding directrix intercepted between the two fixed 
tangents. 

Again, it is easy to see that " if a circle be described 
touching two concentric circles, its radius will be equal to 
half the simfi, or half the difierence, of the radii of the given 
circles, and the locus of its centre , will be a circle, concen- 
tric with the other two, and of which the radius is half, the 
difference, or half the sum, of the radii of the two given 
circles." 

Hence we deduce the following theorem. " If two conies 
have a common focus and directrix, and their latera>recta be 
2?, 21', and another conic, having the same focus, be described 

4:1V 

so as to touch both of them, its latus-rectum will be , , ,, , 

and the envelope of its directrix will be a conic, having the 
same focus and directrix as the given conies, and of which 

the latus-rectum is , _ ,. •" 

i + r 

Again, take the ordinary definition of an ellipse, that it 
is the locus of a point, the sum of the distances of which 
from two fixed points is constant This is equivalent to 
"the sum of the distances from either focus, of the points of 
contact of two parallel tangents, is constant." 

The reciprocal theorem will be, " If a system of chords 
be drawn to a circle, passing through a given point, and, at 
the extremities of any chord, a pair of tangents be drawn to 
the circle, ths sum of the reciprocals of the distances of 
these taagents from the fixed point ia constant." 
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The known property of a circle, that "two tangents make 
equal angles witn their chord of contact" will he found, when 
transformed by the method now explained, to be equivalent 
to the theorem that "if two tangents be drawn to a conic 
from an external point, the portions of these tangents, inter- 
cepted between that point and their points of contact^ subtend 
equal angles at the focus." From the fact that " all circles 
intersect in two imaginary points at infinity," we learn that 
"all conies, having a common focus, have a common pair of 
imaginary tangents passing through that focus." And, more 
generally, we may say that all similar and similarly situated 
conies reciprocate into a system of conies having two common 
tangents. 

31. Two points, on a curve and its reciprocal, are said 
to correspond to one another when the tangent at either point 
is the polar of the other point. Two tangents are said to 
correspond when the point of contact of either is the pole of 
the other. 

The angle between the radius vector of any point (drawn 
from the centre of reciprocation), and the tangent at that 




Fig. 10, 

point, is equal to the angle between the radius vector of, 
and tangent at, the corresponding point of the reciprocal 
curve. 

For, if P be the given point, PFthe tangent at P, and B 
the centre of reciprocation, and /SfFbe perpendicular to PF; 
and if F be the pole of PF, and PT^the polar of P, then 
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P' will lie on SYy produced if necessary; and if 8Y^ be 
perpendicular to P'F', 8Y^ will pass through P. Hence, 
since 8P, FY, are respectively perpendicular to P'F', 8P\ 
it follows that the angle SPYia equal to the angle 8P'Y\ 

32. We have investigated (Art. 10, Chap, iv.) the equa- 
tion of the two tangents drawn to a conic from any given 
point (/, ff, h). If in the right-hand member of that equa- 
tion we substitute for 0, © (aa + 6^ + 07)', to being an arbi- 
trary constant, we shall obtain the general equation of all 
conies of which these lines are asymptotes. iNow, since the 
asymptotes of the reciprocal conic with respect to (/, g, A), 
ar6 respectively at right angles to the two tangents drawn 
from {fy (7, A), it follows that the family of conies thus ob- 
tained will be similar in form to the reciprocal conic. 

33. To find the co-ordinates of the foci of the conic repre* 
sented hy the general equaiion of the second degree^ 

Since the reciprocal of a conic with respect to a focus is 
a circle, it will follow from Art. 32 that the family of conies 
obtained as above must, if (/, ^, A) be a focus, be circles also. 
Applying the conditions for a circle investigated in Art. 14, 
Chap. IV., it will be found that the terms involving ci> dis- 
appear of themselves, and our conditions assume the form 

(?7A» + TFir»-2rA/)c"+(7f+C&»-2PF/^)J* 

+ 2 ( try + Ugh - W'hf^ Vfg) he 

^{Vf+Uf-2Wfg)a^+{Wf+rh'-'2U'gh)(f 

+ 2{Vy + rhf-^Ufg--W'gh)ca 
--{Wg'+Vh^-2Wgh)V+{Uh'+Wf--2rhf)c^ 

+ 2{W'h'^Wfg^rgh^Whf)db, 
or 

(F5'+ Wi?+2 U'hc)f^2{V'c+ W'b)f{hg+eh) + U{hg+chy 
-:-{W<^+Ua^+2V'ca)g'^2{W'a+U'c)g{ch+af) + V{ch+afy 
^ {Ua^+ n*i'2W'ab)V-2{U'b+V'a)h{af-^hg) + W{af'^bg)% 
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equations which, since 6/+ hg-^ch^ 2A, may also he written 
under the form 

. (I7"a"+Fy+Trc' + 2Cr'ic + 2F'ca+2Tr'a5)/* 

-4A(F'c + PF'& + Z7a)/+4J7.A* 

-4A{F'a+ Z7'c + FJ)<7 + 4F. A' 
= (Cra^+Fy + W + 2«7'Jc + 2F'ca + 2TF'a&)A^ 

^4A(I7'& + F'a4-TFc)A + 4F.A». 

The equations, together with 

of + &y + cA = 2 A, 

determine the co-ordinates of the foci. It will be seen that 
they give four values of ^ y, A, two of which are real, two 
imaginary. 

If the conic "be a parahola, then, applying the condition of 
Art. 6, Chap, iv., these equations reduce to 

(F'c+ TF'J + CTa)/- 17A = (TF'a+ Z7'c+ FS) (7- FA 

= (CT'j + F'a + TTc^A- TFA, 
which give the focus in that case. 

If the equation 

wa? + vy* + ws? + 2uyz + 2vzx + 2iDQcy = 0, 

be expressed in triangular co-ordinates, we get, for the co- 
ordinates of the foci, the equations 

(j7+F+TF+2?7'+2F'+2TF')/'-2(F'+TF'+tr)/+Z7 

5 : . 

_ (Z7+F-flF+2t7^+2r-f?TF')<7'-2(TF^+?7^+F)<7+F 
_ (tr+F+TF+2P'^+2F+2F0A'-2(g7^+r+TF)A + TF 



EXAMPLES. 127 

t>r, if the conic be a parabola, 

2(F'+F'+[7)/-J7 2( W'+U'+ r)ff^V 

' ^ J5 

34. Interesting results may sometimes be obtained by a 
double application of the method of reciprocal polars. Thas, 
the theorem that '' the angle in a aemicirole is a right angle" 
may be expressed in the form that " every chord of a circle, 
which subtends a right angle at a given point of the curve, 
passes through the centre." Beciprocating this with respect to 
the given point, we get 

*^ The locus of the point of intersection of two tangents to 
a parabola at right angles to one another, is the directrix." 

Now, reciprocate this with respect to any point whatever ^ 
and we find that 

^^ Every chord of a conic which subtends a right angle at 
a given point on the curve, passes through a fixed point." 

Agaih, take Euc. iii. 21. This may be expressed under 
the form '^ If a chord be drawn to a circle subtending a con- 
stant angle at a fixed point on its circumference, it always 
touches a concentric circle." Beciprocating this theorem with 
respect to 0, we get " If two tangents be drawn to a para^ 
bola containing a constant angle, the locus of their point of 
intersection wul be a conic, having a focus and directrix in 
common with the given parabola.^' Beciprocate this, with 
respect to any point whatever, and we get, " If a chord be 
drawn to a conic, subtending a constant angle at a given point 
on the curve, it always toucmes a conic having douUe constant 
with the given one." 

EXAUPLES. 

1. Having ^ven a focus and two points of a conic section, 
prove that the locus of the point of intersection of the tangents at 
4h^ points yaH be two straight lines, passing through the focus, 
and at right angles to each other* 

2. Frovie that four conies can be described with a given focus 
and passing through three given points, and that the latus-rectum 
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of one of these is equal to the sum of the latera-recta of the other 
three. 

3. On a fixed tangent to a conic are taken a fixed point A, 
and two moveable points P, Qy such that -4P, AQ, subtend equal 
angles at a fixed point 0, From F, Q are drawn two other tan- 
gents to the conic, prove that the locus of their point of inter- 
section is a strai^t line. 

4. Two variable tangents are drawn to a conic section so that 
the portion of a fixed tangent, intercepted between them, subtends 
a right angle at a fixed point. Prove that the locus of the point 
of intersection of the variable tangents is a straight line. 

If the fixed point be a focus, the locus will be the correspond- 
ing directrix. 

5. Chords are drawn to a conic, subtending a right angle 
at a fixed point j prove that thej all touch a conic, of which that 
point is a £>cub, 

6. Three given straight lines jBC, GA^ AB, are intersected by 
two other given straight lines in -4j, -4^ ; B^j ^a>^v ^a respectively. 
Prove that a conic can be described touching the six straight lines 
AA^, AA^, BB^, BB^, go,, GG,. 

7. A, Bf Gy S, are four fixed points, SD is drawn perpendicular 
to SAy intersecting BG in i>, S^ perpendicular to SB, intersecting 
GA in Ef SF peri>endicular to SG, intersecting AB in F. Prove 
that Dy Ey F lie in the same straight line. 

Prove also that the four conies which have /S' as a focus, and 
which touch the three sides of the several triangles ABGy AEFy 
BFDy GDEy have their latera-recta equal. 

8. Two conies are described with a common focus and their 
corresponding directrices fixed ; prove that, if the sum of the re- 
ciprocals of tiieir latera-recta be constant, their common tangents 
will touch a conic section. 

9. A conic is described touching three given straight lines 
BGy GAy ABy so that the pair of tangents drawn to it from a given 
point Oy are at right angles to each other. Prove that it will 
always touch another fixed straight line ; and that, if this straight 
line cut BGy GAy AB in i>, E^ P respectively, each of the angles 
AODy BOEy GOF is a right angle. 

Pi'ove also that the polar of with respect to this oonio will 
always touch a conic, of which (? is a focu^i. 
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10. OAf OBy are ihe common tangents to two conies Having a 
common focus S, GA, GB are tangents at one of their points of in- 
tersection, BD^ AE tangents intersecting GA^ GB in D^ E. Prove 
that Sf By E lie in the same straight line. 

11. Any triangle is described, self-conjugate with regard to a 
given conic ; prove that, if a conic be described, touching the sides 
of this triangle, and having the c^oitre of the given conic as a 
focuSf its axis-minor will be constant. 

12. Prove that two ellipses, whidi have a common focus, can- 
not intersect in more than two points. 

13. If a flystem of conies be described, passing through four 
given points, four fixed straight lines may be found, such that 
the chord of each, intercepted by any conic of tiie system^ sub* 
tends a right angle at one of the points. 



F. 9 
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CHAPTER VIL 



TANGENTIAL CO-ORDINATES. 



1. In the systems of co-ordinates with which we have 
hitherto been concerned, we have considered a point as deterr 
mined, directly or indirectly, by means of its distances from 
three given straight lines ; and we have regarded a curve as 
the aggregation of all points, the co-ordinates of which satisfy 
a certain equation. It is equally possible, however, to con- 
sider a straight line as determined by means of its distances 
from three points, which distances may be termed its co- 
ordinates; and to regard a curve as the envelope of all 
straight lines, the co-ordinates of which satisfy a certain equa- 
tion. 

This system is closely connected with the theory of reciprocal 
polars. In fact, it may be looked upon as a means of so inter- 
preting equations as at once to obtain the results which the 
method of reciprocal polars would deduce from the ordinary me- 
thod of interpretation. The equations are the reciprocals of those 
described in Chapter v. with respect to a?* + y* + «* = 0. 

We may then define the co-ordinates of a straight line 
to be the perpendiculars let fall upon it from three given 
points Ay By G. The lengths of these perpendiculars we will 
denote by the letters />, j, r, respectively, the lengths BCy GAy 
AB being represented as before by the letters a, J, c, and the 
angles of the triangle of reference ABG being denoted by 
Ay B, G, and its area by A. 

2. Any two co-ordinates, q and r for example, will be 
considered to have contrary signs if the line of which they 
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toe the co-ordinates cuts the line BG in a point lying between 
B and Gy otherwise to have the same sign. * Thus, the in^ 
temal bisector of the angle A has its co-ordinates of contrary 
signs, the external bisector of the same sign. The sign of 
p relatively to q^ and r will be determined in the same 
manner. 

If D be any point on the fine BG, y, r, the co-ordinates of 
any line jpassing through it, and BD = a^, GD = a,, distances 
measured along the line BG from B to G being considered 
positive, and from G to B negative, it will readily be seen that 

q ^ r 

Since this is a relation between the co-ordinates of any line 
passing through the point I>, it may be considered as the 
equation of the point A 

If D be the middle point of BG, a^^^^a^, hence it 
appears that the middle points of the sides of the triangle of 
reference are represented by the equations, 

It may also be proved that the points where the internal 
bisectors of the angles meet the opposite sides, are reprer 
sented by . 

hq +cr = 0, cr + ap = 0, op + Jj = 0. 

The points where the external bisectors of the angles meet 
the opposite sides, by 

ig — cr = 0, cr — ap = 0, op — Jj=0. 

The feet of the perpendiculars from the angular points on 
the opposite sides, by 

q tan B + r tan (7= 0, r tan G+p tan -4 = 0, 

p tan A + q tan J5= 0. 

The points of contact of the inscribed* circle, by 



., 8 — b 8 — c '« — c tf-^a '« — a« — 6 
where 2s = a + b + e. 



9-2 
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3, We shall next proye thefoUowing propositioB; that 
if he any given point within the triangle ABG^ then the 
co-ordinates p^ q, r (their signs heing taken in the maimer 
ahready ez;plain^) of any straight line QF&f pasding ihjK)ugh 
itf will he Qonnected hy the following equation, 

ABOO.p + ^GOA.q-^AAOB.r=^0. 




Fig. >i. 

Let the triangular equation of QPM %6 

and the trilinear co-or£nates of 0, (, irj, |1 

Then f : 1? : C :: ABOG : LGQA : LAOB. 

And, since lies on QPR^ 

Again, since p is the distance from the point (1, 0, 0) to the 
line, (^, 971, n), 

:. (Z.2A)" = {(Z-7n) (?-n)a'+(m-«) (m-Z) J•■1-(»-^)(»-^)c*}i>^ 
Similar equations hold for Q and jB, hence 

£ = 1. = !1 

or p^ + mtf + nJ^'stO^ 
whence 

ABOG.p + AGOA.q+^AOB.r^O. 

This equation may be regarded as the equation of the ' 
point 0. 
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A similar equation may be proved to hold for any point 
without the triangle, BOG being considered negative, if A 
and be on opposite sides of Bu. 

The following are the equations of some important points 
connected with the triangle of reference : 

Centre of gravity, p 4- j -f r = 0. 

Centre of circumscribing circle, p sin2-4+2sin25+rsin2 (7= 0. 
Centre of inscribed circle, a^? + Jj + cr = 0. 

Centres of escribed circles, 

— op + Jf + cr = 0, 
op — Jj + cr = 0, 

ay + ij' — or — 0. 
Orthocentre, 

p tan -4 + J tan B-\-r tan (7= 0. 

4. We proceed, to investigate the identical relation which 
holds between the co-ordinates of any straight line. 

Let any straight line cut the sides ABy AG oi the triangle 
of reference in J9, E. From A, B, let fall AP, BQ, CR, 
perpendiculars on the line, then BQ = y, GR ^ r, -4P= —p. 

Let the triangular equation of RPQ referred to ABC sls 
triangle of reference, be 

Ix + my -\rnz = 0m 
I%en, as shewn in the ksH artieto. 

Similar equations holding for g* and r*, we get 



(2A) 



3 



(7 — «») {l-n) a'+ (m — n) (w — Z) b*-\-(n — l)(n — m)(?^ 
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C 



Fig. 22. 



whence 

the required relation between the co-ordinates of any straight 
line whatever. 

This may also be expressed in the form 

0, 1, 1, 1, 

1, 0, c", h\ p 
1, c\ 0, a\ J =0, 
1, V, a', 0, r 
0, p, J, r, 1 

as may be found by evaluating the determinant. 

Cor. Since the line at infinity may be considered as 
equidistant from A^ By and C7, it will be represented by the 
equations p^q^^r, 

6. To find the distance from the point Ip + mq + nr = 0, 
to the line (p^, q^, rj. 

By what has been shewn above, it appears that the tri- 
angular co-ordinates of the point are 

I 



m 



n 



i + w + w' l + m + n^ l + m + n* 
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And the triangular equation of the line 
Hence, if S be the distance between them, 



g = 



pJ+q^m-W^n • ■ o^^ 



Cor. Hence, if p be the radius of a circle, lp+mq+nr=^0 
the equation of its centre, th^ circle, being the envelope of a 
line whose distance from the centre is constant, will be repre- 
sented by the equation 

{p - q) {p -r) a^ + {q — r) (q-'p) b* + {r —p) {r - q) (?- 






6. An equation of a degree, higher than the first, may be 
regarded as representing the curve which is touched by all 
the straight lines, the co-ordinates of which satisfy the equa- 
tion of the curve. Adopting this mode of interpretation, the 
values of the ratios p : q : r which simultaneously satisfy 
two given equations will be the co-ordinates of the common 
tangents to the two curves represented by these equations, 
and the values obtained by combining any given equation 
with an equation of the nrst degree, will represent all the 
straight lines which pass through the point represented by 
the equation of the first degree, and which touch the curve. 
From this it follows, that an equation of the n^ degree will 
represent a curve such that n tangents, real or imaginary, can 
be drawn to it from any point, that is, a curve of the n*** 
class. 

It will hence follow that every equation of the second 
degree represents a conic. We may proceed to consider some 
of its more interesting special forms. 

7. To find the equation of a conic which touches the three 
sides of the triangle of reference. 
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The co-ordinates of tte sides of the triangle of reference 
are 

J = 0, r = for BG, 
r = 0, p = for CA, 
p^% j = for AB. 

Hence, the equation of the required conic must be satis- 
fied whenever two out of the three co-ordinates jp, j, r are = 0. 
It must therefore he of the form 

Lqr + Mrp + Npq = 0. 

The equations of the points of contact are 

L^ M ^• 

These ma^ be established as follows : If in the giren 
equation we make Mr -f j^^ =» o, we obtain cither j = 0, or 
r^O. It hence appears that the tangents drawn through 
the point Mr-^Nq^O, pass either through the point j — 0, 
or through the pomt r^Q. But the three points 

lie in the same straight line ; hence the tangents drawn from 
Mr + Nq = coincide, that is, it is the point of contact of the 
tangent for which j = r = 0. Similarly for the other two 
points of contact. 

It will hence appear, by reference to the equations of the 
points of contact of the inscribed circle, given in Art. 2, that 
that circle is represented by the equation 

{a — a) jr + (« — b\ rp + (« — c) pq = 0. 
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Tbe escribed circles will be lepiesented as follows : 
— sqr + (« — c) rp + (tf — i) pj = 0, 
(« — c) jr — srp 4- (* — a) ^ = 0, 
{s — b) qr + {a '-' a) rp -^ spq = 0, 

8, To find the equation of a conic circumscribed about 
ike triangle of reference. 

The equations of the angular points of the triangle of 
reference are /? = 0, y — 0, r^Q. Now, since each of these 
points lies on the curve, the two tangents drawn through any 
one of them must coincide, hence when any one of these 
quantities is put srO, the remaining equation must have two 
equal roots. The required equation will therefore be of the 
form 

The co-ordinates of the several tangents at the angular points 
will be given by the equations 

J? « a, Jlfj - J^r « 0, 

J = 0, Nr—Lp^O, 

r = 0,. Lp — Mq = 0. 

If the conic be a circle, the tangent at A will be deter- 
mined by the equations 

-P "' csinG h^iuB' 
which last is equivalent to Vq — cV = 0. 

Similar equations holding for the other two tangents, the 
eqtlation for the circumscribing circle will be 

ay + JV + c*»^ - 2 JVgr - 2c"aVp - 2a*Vpq = 0, 
which may be reduced to 
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9. By investigations similar to those in Chap. IV. Art. 8, 
it may be shewn that the equation of the pole of the line 
(/, g^ h) with respect to the conic 

is 
{uf+ w'ff + v'h) p + (w/+ vg •\-uh)q + {vf + u'g + wh) r = 0. 

Now, the centre is the pole of the line at infinity, which is 
given by the equations ^= j = r. 

The equation of the centre is therefore 

(m + 1?' + w) p + (ti' + 1; +«?') 1? + (**' + ^' + ^) ** = ^* 

If the conic be a parabola, it touches the line at infinity ; 
the condition that it should be a parabola is therefore 

w + v + ti? + 2 m' + 2t?' + 2 M?' = 0. 

10. The two points in which the conic is cut by the line 
(/, g^ h) are represented by the equation 

(See Chap. iv. Art 10.) 

Hence the two points in which it is cut by the line at 
infinity are given by 

(w+v+t(?+2M'+2i;'+2w') (tip'-H?2*+t(?r^4-2u'jr+2v'rp+2M?'p2) 

— {{u-^v +w) p-^- (w'+v+tij') j+(w'+v'+tt?)r}*=0. 

Hence may be deduced the equation of the two points at 
infinity through which all circles pass. For these are the 
same for all circles. Now, for the inscribed circle they are 
obtained by putting 

The equation then becomes 

As {(«-a) qr+ {s-h) rp + {s-cjpq} - {op+lq+crY = 0, 

or a^p^+bY+<?r*-2bcqrcoBA''2carp cos J?- 2aipq cos (7=0, 
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which may also be written 

«' ( i^ - ?) ( P - ^) + *' (? - (? - i>) + ^ (^ - p) (»• - ?) = ^» 
the equation of the two circular points at infinity. 

Hence may also be deduced the conditions that the equa- 
tion 

y^ + v^ + vo^ + 2m' jr + 2v rp + 2t£;|?j = 

may represent a circle. For, comparing this equation with 
that just obtained (Art. 5, Cor.), we get 

a«_Z« J«-^2 c»-«* 
U V V) 

■" 2m' - 2i;' ■" 2m?' 

Putting each member of these equations = i, they may be 
written 

a' — mJ = Z*, 5' — vfc = w»', c" — M?& = n', 

ftc cos -4 + iiJc = — mn, ca cos -B + v'i = — n?, 

aJ cos G + w'i = — Im. 

These equations give 

(6" - vH) (c' - wi) = (5c cos -4 + m'A;)', 
or (tni? - m'") i" - (vcP + tri* + 2m'6c cos -4) Jfe + 6V sinM = 0. 

Again, we get 
(a* — mA) (Jccos-4 + M'4) + (cacos-B+t?'^) (oicos (7+m?'A?)=0, 

or (v'w'— MM')Ar*+{a(aM'+Jcos (7.t?'+ccos5.w') — Jccos^ . v\ h 

+ cfbc sin 5 sin 0= 0. 

Now, since 6V sin* A=^a*hc sin J5 sin (7= (2 A)*, these equa- 
tions may be written under the form 

{vw - M*^ A* - {vi?-\-wV + 2m'6c cos A)h + 4A' = 0, 
[vvD—uu)V-\-[a{au!-{-hvco^ C4-cmj'cosJ5)— Jc cos-4.tt}Jfe+4A*=0, 
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Combining these with the four similar eqaations, we get 
[wu — V • 4- ttt? — w** — 2 (v'tc?' — uu)} h 

- {u {h^ + c^ - 2ic cos -4) + va^+ wa^ + 2a^u' 
. 4- 2(w' (c cos J5 -h J cos (7) + 2aw* {b cos (7 + c cos 5)} = 0, 
urn — t?" + uv — w'^ — 2 (v*w — uv!) 1 

Two other corresponding expressions may of course be 
obtained for A, and the required condition is therefore 

wu — v'* + wv — 2/?"— 2 {v'uf^ uu) _ wr — 1(?'*+ t?tt? — m'*— 2 {wu—vv") 

5^ - '' b^ ' 

^ vw '— u'^ + wu — v^ — 2 (uv — wu/) 



c* 



11. To find the equatton of the conic with respect to whdch 
the triangle of reference is self-conjugate^ 

Since each angular point of the triangle of reference is the 
pole, with respect to this conic, of the opposite side, it follows 
that the equation of such a conic will be of the form 

up^ 4* v^ + wr^ = 0. 

From the last article it will be seen that the equation of 
the self-conjugate circle is 

»' fl* t^ 

Of " J^ — . .y( ■■ ., JL. ^ Q^ 

Jccos-4 cacos^B abcosG 



Examples. 

1. A parabola is described about a triangle so that the tan- 
gent at one angulaf point is parallel to the opposite side; shew that 
the square roots of the perpendiculars on any tangent to the curve 
are in arithmetical progression. 
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2. A conic is circamscribed ftboat a triangle such tiutt the 
tangent at each angular point is parallel to the opposite side; shew 
that, i£p,qyrhe the perpendiculars from the angular points on anj 
tangent, 

3. Shew that tlie equation of the -oentre df this conic is 

2> + y + r = 0. 

4. Conies are drawn each touching two sides of a triangle at 
the angular points and intersecting in a point; prove that the inter- 
sections of the tangents at this common point with the sides cutting 
their respective conies lie on one straight line, and that the common 
tangents to the conies intersect the sides in the same three points. 

5. A system of hyperbolas is described about a given tri- 
angle ; prove that, if one of the asymptotes always pass through 
a fixed point, the other will always touch a fixed conic, to which 
the three sides of the triangle are tangents. 

6. A parabola touches one side of a triangle in its middle 
point, and the other two sides produced ; prove that the perpen- 
diculars, drawn from the angular points of the triangle upon aaj 
tangent to the parabola, are in harmonical progression. 

7. Prove that the nine-point circle of the triangle of refer^ce 
is represented by the equation 

0(2^ + r)* + ^(f +p)* + c(p + ^)* = 0. 

12. There is another system of Tangential Co-ordinates, 
which bears a close analogy to the ordinary Cartesian system. 
If a?, y be the Cartesian co-ordinates of a point, referred to two 
rectangular axes, then the intercepts on these axes of the polar 
of tiie point, with respect to a circle whose -centre is the origin, 

and radius A?, will be — , — respectively. These intercepts 

completely determine the position of the line, and their reci- 
procals may be taken as its co-ordinates, and denoted by the 
letters f , rj. 

13. In this system, every equation of the first degree 
represents a point. 
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Let af + Ji; = 1 

be an equation of the first degree. 

Draw the straight lines OX, OF at right angles to one 
another ; on OX tate the point -4, such that OA = a, and on 
OY take the point 5, such that OB^b. Draw AP, BP 
perpendicular to OXy OF respectively, meeting in P. 

Then, the equation 

af + J?7 = l 

shall represent the point P, 




Fig. n- 

Through P draw any straight line, meeting OX, Y in 
Hy Kj respectively. Then, u % rj be the co-ordinates of 
this line, 

• 1 _fc J 



OH 



OK 



Hence 



t_OA_KP 
^~OH~HK' 

OB HP 



ttj = 



OK~EK' 
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•*. af + J17 = 1 ; 

a relation which is satisfied by the co-ordinates of every line 
passing through the point P. This equation therefore repre- 
sents the point P, 

14. In this system, as in that described in the former part 
of the present chapter, an equation represents the curve, the 
co-cordinates of whose tangents satisfy it, and an equation of 
the n*^ degree will therefore represent a curve of the n*** class. 

15. If the perpendicular OQ let fall from on the straight 
line HK (fig. 23) oe denoted by p^ and the angle QOX by 0, 
we shall have 

^ pos sin <^ 

P V 

N 

and a point will then be represented by the equation 

acos <^ + J sin <^ =2> ; 

an equation which, if a'+J* be put=c', and - = tana, 
becomes p = cos c (0 — a). 

We thus obtain a method of representing curves by a 
relation between the perpendiculiar from a fixed point on the 
tangent and the inclmation of that perpendicular to a fixed 
straight line. These may be called the tangential polar co^ 
ordinates of the curve. This method will be found discussed 
in the Quarterly Journal of Pure and Applied Mathematics. 
Vol. I. p. 210. 



Examples. 

1. Prove that the distance between the points 0^ + 617=!, 
a'f+6'i7=l, is{(a'-a)' + (y-6y}i 

2. Prove that the cosine of the angle between the lines (f, 1;), 
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3. Prove that the distance from the .point (a£ + &17 = 1) to the 
line (f„ r,;) is « + ^ - 1) (f / + 1;,-)"*- 

4. Prove that the eqnation f* + i7" + 2Pf +2^ + -B = 0, r^ro- 
sents a conic, of which the focus is the origin. 

What are the co-ordinates of its directrix ? What is its eccen- 
tricitj, and what its latus-rectum 1 

5. Ptove that the equation p = a + c cob^ represents a 
circle ; and determine the radius of the circle. 

6. Prove that the evolute of the ellipse a*^ + 6V=l is 
represented by the equation 
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CHAPTEE YIIL 

ON THE INTERSECTION OF CONICS, AND ON PBOJECTIONS, 



1. We shall here say a few words on the subject of the 
intersection of two conies, as an acquaintance with this branch 
of the subject wiU be useful in future investigations. 

Since every conic is represented by an equation of the 
second degree, it follows that any two conies intersect in four 
points, which majr be (1) all real, (2) two real and two ima- 
ginary, or (3) all imaginary. 

2. Through these four points of intersection three pairs 
of straight lines can be drawn. If the four points be called 
P, C R^ 8, the pairs of straight lines wiU be FQ and B8, 
PR and Q8, PS and QR. If PQ and R8 intersect in L, 
PR and Q8 in if, PS and QR in N^ the points L^ Jf, N are 
called (see Art. 15, Chap. Ii.) the vertices of the quadrangle 
PQR8. Also the three points L^ M^ N will form, with 
respect to every conic passing through the points P, Q, R, 8, 
a conjugate triad ; and therefore, each of them will have the 
same polar with respect to all such conies. 

3. The equations of the pairs of lines PQy R8, &c. (the 
sides and diagonals of the quadrangle) may be found as 
follows. Let the equations of the conies be 

if) (a, 13, 7) =ua* + vfi^'\-tor/ + 2u'fiy+2vya + 2wafi = 0... (1), 
-f (a» A 7) =i^a" + q^ + rr/ + 2/^7 + 22'7a + 2r a^ = ...(2); 

' then every conic passing through their four points of inter- 
section will be represented by an equation of the form 

^(a,/3,7)+*^(«,A7) = (3).' 

F. 10 
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If tbe left-hand member of this equation break up into 
two factors, the conic degenerates into two straight lines, real 
or imaginary. The condition that this should happen is 






= (4), 



a* cubic for the determination of A?, of which the roots are 
either all real, or one real and two imaginary. If the roots 
be all real, the yertices of the quadrangle, which will be the 
centres of the several conies included in the form (3), will be 
all real. .If one root only be real, then one vertex only of 
the quadrangle will be real. We proceed to consider now 
the reality of the vertices i, -3f, N depends upon that of the 
points P, Q, B, 8. 

4. First, suppose all the four points P, Q^ JS, /S^ to be 
real, then it is clear that all the vertices will be real. 

6. Next, let two of the points, P, Q, for example, be 
real, and jB, fif, imaginary. 

Then, the line PR can have no other real point but P. For, 
if it had, it would itself become a real line, and we should 
have a real line cutting a real conic in one real and one ima- 
ginary point, which is impossible. 

Hence the point Jf, which lies on PR^ is imaginary. 
Similarly the line PS^ and the point N^ which lies on it, are 
imaginary. The real vertex must therefore be Zr, which lies 
on PQ. 

We may observe that the line ^/S.will be real. For the 
two lines PQ, RS, considered as one locus, will be represented 
by equation (3) when for h is substituted the real value cor- 
responding to the point L. Hence the form of the expression 
<^ (a, )8, 7) + A; -^ (a, /9, 7) answering to PQ^ contams one 
real linear factor, and the other linear factor, which answers 
to R8i will therefore also be real. 
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^ 6. ThMly, fet all the four points of intersection be ' una- 
ginarj. Then the three vertictes will all be real. 

For, by what has been shewn above^ one vertex is neces- 
sarily so. Take this as the angular point A of the triangle 
of reference, and let its polar with respect to the two conies 
be taken for the side BCC 

The point B being chosen arbitrarily, let its polar with 
respect to one of the conies be taken as AC^, Then this 
conic may be represented by the equation 

a* + vfi^ + vx/=0 .......(1). 

Let the other be represented by 

a*+q^ + r</+2p'0y^O (2), 

Since the four points of intersection ara imaginary, the 
roots of the quadratic 

(j - v) /8* + (r - «?) 7^ + 2p'i87= 

will be imaginary. Hence • 

(2r-t?)(»'-tt>).>p'* (3). 

Now let (0, g, h) be the co-ordinates of either vertex. 
Then, since it has the same polar With respect to both conies, 

the equations 

vgfi + why = 0, 

{3ff+ph)fi+(pg + rh)y = 

will represent the same straight line, hence 

qg + ph _ pff + rh 
vg toh 

The two values of | , given by this equation, will deter- 
mine the vertices. Kow the roots of this equation are real or 
imaginary, as 

10— 2^ 
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That is, the vertices will Necessarily be teal, if t? and to 
have the same signs. Suppose them, however, to have con- 
trary signs, then, by (3), 

therefore multiplying both sides by — 4i;tr, which is a positive 
quantity, 

— 4tn£7 ( jr — J?*^ > ^vw (vw? — qy> — ro) ; 
/. {gyo^rof— ^vw {gr—p') > {gw+rvf + 4i;V — ^vw {gw + rv) 

.>0; 
.*. (qw''rvy + 4:vwp'*>0. 

Hence, when the four points of intersection are imaginary, 
the vertices are in all cases real. 

7. Suppose now that these vertices are taken as angular 
points of the triangle of reference. Let the conies be repre- 
sented by the equations 

Then ± — =± , ^ . = ± 



(gM7— n;)i (ru—pw)^ (pv — qu)^ 

are the equations of the several pairs of common chords of the 
two conies. Since tw:o of the expressions 

qtO'-rVy ru ^pw, pv — qu, 

must necessarily have the same sign, it follows that one' pair 
•at least of common chords is always real. The other two 
pairs will, as may easily be seen, be real or imaginary, accord- 
ing as the four points of intersection are, or are not, all reaL 

8. Betuming to the equation (4) given in Art. 3 of this 
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chapter we see that it maj be partially developed into the 
following form : 



+ 



u, v/f v' 




' 




- 


w\ Vj %i 




V y t/, V) 




t. ' r 

p, W, V 








w, to', y' 


r\ V, tt' 


+ 


w\ y, u' 


+ 


«?', t;, y 


^, u, w 




. ^\ P\ ^ 


F 


V , tt, V 


u, «', q' 




p, w\ q 




py r, v' 


«''.?. / 


+ 


/, V, y 


+ 


r'j 5^, u' 


»', /, r 




%y «', r 




if P\ ^ 


P> »■'. <?' 




r, q, p' 


^• = 0, 


2'. y. ♦* 











h 



u 



This equation is generally written 

Here A and A' are known to be the discriminants of the 
two given conies. Now the roots of this equation are the 
values of h which will give the three pairs of straight lines 
drawn through the points of intersection of the two conies^ 
and since these values must remain unaltered by any trans- 
formation of co-ordinates, it follows that the ratios of the four 
coefficients, A? @> @'> A', also remain unaltered \fj any such 
transformation. On this account they are called the Invariants 
of the system. They possess numerous interesting proper- 
ties, but a detailed examination of them would lead us too far 
firom the obiect of this work. They will be found fidly dis^ 
cussed in Dr Salmon'* treatise. . 



On Pbojectioks. 

I 

9. Def. The surface generated by a straight line of 
indefinite length, which alwaysi piloses through a given fixed 



ito 
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point, and always meets a given curve, the curve and point 
not lying in the same plane, is called a ame. 

The fixed point is called the vertea?, and will he denoted 
in this chapter by the letter F, 

If a cone be cut by any two planes, either of the curves of 
section is said to be 9, projection of the other. 

Also the two points in which any generating line is cut 
by two planes are said to be the projections, the one of the 
other. The straight line in which the two planes intersect is 
called the Unprajected. 

It may easily be seen that the projection of any curve on 
a given plaoie coincides with the shadow of the curve which 
would be cast upon the plane by a luminous point coinciding 
with the vertex of the cone. 

The projection of a point of intersection of any two curves 
will be a point of intersection of their projections. 

The projection of anv straight line will be a straight line ; 
and that of any curve of the nth degree will be a curve of the 
nth degree. For since any straight line and curve of the nth 
degree intersect in n poiuts, their projections will also intersect 
in n points. 

10. If AB be any given straight line, and a cone be cut 
by any plane parallel to VAB^ the projection of the line AB 
will be infinitely distant. Hence it is always possible so to 
project a figure, that the projection of any given straight line 
shall be removed to an infinite distance. This is caued pro- 
jecting the straight line to infinity* 

11. Any quadrilateral may be projected into a parallelo^ 
ghim. . 

For, if ABOD be any quadrilateral, and the sides ABj 
CD be produced to meet in E^ AD^ BG in Fy and the line 
EF projected to infini^, then, since the projections of AB^ 
CD mtersect at an infinite distance, thev will be parallel to 
one Another, as also those of AD^ BG, whence it follows .^at 
the quadrilateral ABGJD is projected into a parallelogratn. 
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12. The angle EVF will be the angle between the pro- 
jections of the sides AB^ BG. For if the plane of projec- 
tion cut the lines VA, VB, VG, VD in A\B\ G\iy re- 
spectively, then the points -4', B^ G\ V are respectively the 
projections of A^ By G, D. Now the plane ABAB contains 
the points. F^ ^, and^ since the plane of projection, in which 
the points A\ E lie, is parallel to VEF^ and therefore to VE^ 
it follows that A'ff is parallel to VE. Similarly EC is 
parallel to VF^ and therefore the angle A!BG' is equal to the 
angle EVF. 

13. Since the angle EVF may be made of any magni- 
tude, by taking^ the point V anywhere on any semient of a 
circle o! which^F is the base i^d which cont^ns In angle of 
the required magnitude, it follows that any quadrilateral may 
be projected, in an infinite number of ways, into a parallelo- 
gram of which the angles are of any assigned magnitude. 

14. We may now proceed to detail the application of the 
theory of projections to curves of the second degree. 

* 

It will easily be seen that the projection of any tangent to 
any curve will be a tangent to the projection of the curve. 

Again, if any point and straight line be the pole and polar 
of one another with respect to a given conic, their projections 
will be the pole and polar of one another with respect to the 
projection of the conic; 

For, let be any given point, XY its polar with respect 
to any given conic. On XY take any pomt T, external to 





Fig. 44. 
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tiie conic, and from T draw two tangents 2!P, TQ, then P Q 
will pass through 0. Now project the whole system, and let 
(y, JP', Q^ T\ X\ Y' be the respective projections of 0, P, 
Q, T, X, r. Then TP, ^^ will be tangents to the pro- 
jected conic, and PQ will pass through 0\ Hence since T 
is any point on X' Tf X* T will be the polar of (X. 

15. From the proposition just proved, it will follow that 
anjr two conies may be projectea into concentric curves. For 
it IS always possible (Arts. 5 and 7) to find one real point at 
least, the polar of which with respect to two given conies is 
the same straight line. Let then this straight line be pro- 
jected to infinity, and its common pole, with respect to the 
two conies, will become the centre of the curves of projectionv 

16. It may also be proved that any two conies may be 
projected into similar and similarly situated curves. For it is 
always possible (Arts. 5 and 7) to find two straight lines 
which meet two ^ven conies in the same two points, real or 
imaginary. Project either of these straight lines to infinity^ 
and the conies will then be projected into curves, two of the 
points of intersection of which are infinitely distant, that is, 
mto similar and similarly situated conies. These will be 
ellipses or hyperbolas, according as the points, in which the 
line projected!^ to infinity meets the conies, are imaginary or 
real. If the two conies have double contact with one another, 
their projections will also be concentric. 

17* The projections, spoken of in the last two articles, 
may be efiected in an infinite number of ways. For any point 
whatever may be taken as the vertex of the cone, and if the 
cone be cut by a plane, parallel to that which passes through 
the vertex and the line which it is required to project to in- 
finity, the required projection will be effected. 

18. it hence follows that it is possible to project any two 
intersecting conies into hyperbolas of any assigned eccen- 
tricity. Suppose, for example, that it is required to project 
two conies, mtersecting in points A^ By into two similar and 
similarly situated hyperbolas, the angle between the asymp- 
totes of each being a. Take any point V^ such that the angle 
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A VB^ oij and describe two cones, of which F is the common 
vertex, passing through the two given conies. The sections! 
of these cones made by an;^ plane parallel to the plane VAB> 
will be hyperbolas, of which the asymptotes are parallel to 
VAj VB respectively, and will therefore be similar and simi- 
larly situated to one another, and of the required form. 

19. We now come to the most important and most diffi- 
cult point of the theory of projections, the process by which, 
from the properties of the circle^ those of conic sections in 
general may be deduced. We have just seen that any two 
conies may be projected into hyperbolas of any assigned ec- 
centricity. Now this process, the possibility of which we 
have shewn by a geometrical method, of course admits of 
algebraical paroof. And the algebraical investigation, on ac- 
count of the continuity of the symbols employed, would not 
take any account of the restrictions introduced into the geo- 
metrical investigation, either as to the conies intersecting in 
real points, or as to the eccentricity of the conies into which 
they are projected being greater than unity. It is therefore 
possible^ by an algebraical process, to transform the equations 
of any two conies whatever into those of conies of cmy eccen^ 
trtdtj/f and therefore into those of circles. The points and 
tangents common to the two given conies idll be transformed 
into points and tangents common to their projections, and the 
relations of poles and pokrs will remain unaltered. 

Since all circles pass through the same two points on the 
line at infinity, it follows that all circles are transformed by 
projection into a system of conies passing through the same 
two points, or havine a common chord. Again, since every 
parabola touches the line at infinity, it follows that all para- 
bolas will project into a system of conies touching the same 
straight line. A system of parabolas and circles will project 
into a system in which all the circle? will become conies pass- 
ing through the same two points, and all the parabolas will 
become conies, having the straight line joining those two 
points for a common tangent. 

20. We have seen, in the investigation of the co-ordinates 
of the real and imaginary foci^ giyen in Chap, vi., that the pair 
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of imaginary tangents, drawn to a conic from aiij one of its four 
foci, satisfy the analytical conditions of being asymptotes to a 
circle. H!ence these tangents must themselves meet the line 
at infinity in the two circular pointa Conversely, if from the 
two circular points at infinity two pairs of tangents be drawn 
to any conic, these will form an imaginary quadrilateral, cir- 
cumscribing the conic, the four angular points of which are 
the four foci of the curve. 

Hence all conies having the same focus project into conies 
having a pair of common tangents; and all confocal conies 
into conies inscribed in the same quadrilateral. 

The directrix is the polar of the focus, hence, if two conies 
have the same focus and directrix, they project into two conies 
having a common chord of contact for their common tangents, 
that is, having double contact with one another. 

21. The anharmonio ratio of any pencil or range is un- 
altered by projection. 

Let the transversal PQB8 cut the four straight lines OPy 
OQ, OB, 08. Take any point F, riot lying in the plane 
through these straight lines, join VO, VP^ kQ, FB, VJS, and 
let these lines be cut by any other plane in (7, P', Qf^ S^ 8!^ 
Then 

{a.pqR8']^\FQB:ff'\ 

Pqf.B!ff 



FB!.q'S 

%mPV(j[.%\nKV8' 
'^%mPVE.ATLQV8' 

%mPVQ.miRV8 
""BinPFS.sin^F/Sr 

PQ.RS 
"PR.QS 

^[PQR8] 

^{O.PQBS}, 
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Hence the ismharmanie ratio of the given peiicil aiid j^ange 
is the same as that of their projection* 

22. The following proposition is useM in the projection 
of theorems relating to the magnitude of angles. 

Any two lines which make an angle A with each other^ 
form with the lines joining the circular points at infinity to 
their point of intersection^ a pencil of which the anJiarmonic 
ratio is e^*^-*^)^^. 

It will be understood that the two given lines are taken as 
the first and third legs of the pencil. 

Take the two lines as two sides of the triangle of reference, 
and let them be denoted by /8 = 0, 7 = 0. The lifies joining 
their point of intersection to the circular points at mfinity 
are given by eliminating a between the equation of the line at 
infinity and that of the circumscribing circle, that is, between 

a p 7 
This gives )8* + 2)S7COS^ + 7^«0. 
Now the two lines represented by the equation 

form with )3 = and 7 = a pencil of which the anharmonic 

. . Jfc' 
ratio is -r (Art. 23, Chap. i.}. In the present case, 

Hence the anharmonic ratio is 

' Coil In the case in which the lin^s are at right angles to 
one another, ^ = -r , and the anharmonic hitio becomes unity, 
that is, the fpur lines fpriQ an hannpnic penciL 
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23, The known property of a circle, that " the angles in 
the same segment are equal to one another," gives rise to an 
important anharmonic property of conic sections. The pro- 
perty of the circle may be expressed thus, that " if Ay B be 
any two fixed points on the circumference of a circle, 0. any 
moving point on it, the angle AOB is constant." Project the 
circle into any conic, and let A\ Bj O be the nrojections of 
AyB, 0; H,K those of the circular points at iunnity. Then, 
from the result of the last^ article, it follows that 

{ff.A'B'SK} is constant 

Or, the anharmonic ratio of the pencil, formed hy joining 
any point of a conic to four fixed points on the curve, is con- 
stants 

Reciprocating this theorem, in accordance with Art. 13, 
Chap. VIL, we see that if any^ tangent to a conic be cut by four 
fixed tangents, the anharmonic ratio of the range, formed by the 
points of section,^ is constants 

24. If JP, Q, R be three points in a straight line, and 
p, q, r be their projections, and s the projection of the point 
at infinity on the line PQB, then 

where 8 denotes the- point at infinity on the line PQB. 
Also B8 : P8 in a ratio of equality, hence 

25._ If P, F, Q, Of, £, R...ha a s^retem of points' in 
involution, and p, p', e^q', r, r'... their projections, then since 
By Art. 27, Chap. l.\PQB8]=^[P'QfS:8'], and by Art 21 
of this Chapter [i»^5vSr| = [>jn»3, [F^i?'/8f'] = |>yr'«'], 
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it follows ibat [p^s^^lp^^rs'], or p, p\ gr, q\ r, r'... are a 
syi^tem of points in involation. Hence, cmy system of points 
in involution projects into a system in involtUion, 

If P coincide with P', p will coincide with p\ or the foci 
of one system project into the foci of the other. We may 
observe that the centre of one system will notj in general, 
project into the centre of the other. 

26. Let a system of circles be described through two 
given points -4, A\ and let any circle of the system cut a 
given straight line in P, P. Produce -4-4' to meet the given 
straight line in 0, Then 

OP.Or=-OA.OA\ 

or OP. OP^ is constant for all circles passing through A, A\ 
Hence, the system of points in which a system of circles, 
passing through two given points, cut a given straight line, 
are in involution. Project the system of circles into a system 
of conies, passing through four given points, and we learn 
that " a system of conies, passing through four given points, 
cut any straight line in a system of points in involution." 

Of this system of conies, one can be drawn so that one of 
its points of intersection with the given straight line shall be 
at an infinite distance, — in other words, so that one of its 
asymptotes shall be parallel to the given straight line. The 
other point, in which this conic cuts the given straight line, 
will be the centre of the system. 

Again (see Art. 3, Chap, ix., infra) , two conies can be 
described, passing through the four given points, and touchiag 
the given straignt line. The two points of contact of these 
conies will be the foci of the system of points in involution. 

By reciprocating these propositions, we obtain analogous 
properties of the system of conies, inscribed in a given quad- 
rilateral, whence, by projection, may be obtained those of a 
system of confocal eonics. 

27. When the vertex of the cone, used for purposes of 
projection, is infinitely distant, so that the cone itself becomes 
a cylinder, the projection is said to be orthogonal. In this 
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mode o( projection, the line at infinity remains at an infinite 
distance, and any two parallel lines will therefore project into 
parallel lines. Also any area will bear to its projection n 
constant ratio ; and the mutual distances of any three points 
in the same straight line will bear to one another the same 
ratios as the mutnal distances of their projections. Two per- 
pendicular diameters of a circle will, since each is parallel to 
the tangent at the extremity of the other, project into two 
conjugate diameters of an ellipse. By this method, many 
properties of conic sections, more especially those relating to 
conjugate dian^eters, may be readily deduced from those of 
the circle. 



EXAMPLKS. 

1. 1£ XTZ be a triangle which moves in such a manner that 
its side TZ always passes through a fixed point i^, ^X through Q, 
XY through R, and if the locus of F be a fixed conic passing 
through R and P, that of ^ a fixed conic passing through P and 
Qy prove that the locus of X will be a fixed conic passing through 
Qy j^/and through the other three points of intersection of the 
two given conies. 

2. If two tangents be drawn to a conic so that the points 
in which they cut a given straight line form, with two fixed 
points on the straight line, a harmonic range, prove that the locus 
of their point of intersection will be a conic passing through the 
two given points. 

3. A system of conies is described touching four given 
straight lines ; prove that the locus of the pole of any fifth given 
straight line with respect to any conic of the system is a straight 
line. 

If the fifth straight line be projected to infinity so that the 
points where it intersects two of the other given straight lines be 
projected into the circular points, whaii does this theorem become i 

4. A system of conies is described about a given quadrangle ; 
prove that the locus of the pole of any given straight line, with 
respect to any conic of the system, is a conic passing through the 
vertices of the quadrangle. . . 
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6, A system of oonics is described touching the sides of a 
given triangle, and from a given point a pair of tangents is drawn 
to each conic of the system. Prove that, if the locus of one of 
the points of contact be a straight line, that of the other will be a 
conic circumscribed about the given triangle. 

6. The. tangent at any point P of a conic, of which S and H 
are the foci, is cut by two conjugate diameters in ^, ^; prove that 
the triangles iSFT, HPt are similar to one another. 
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CHAPTER IX. 



MISCELLANEOTTS PROPOSITIONS. 

ON THE DETERMINATION OP A CONIC FBOM FIVE GIVEN 

GEOMETKICAL CONDITIONS. 

1. If any five independent conditions be given, to which 
a conic is to be subject, each of these, expressed in algebraical 
language, will give an equation for the determination of the 
five arbitrary constants which the equation of the conic in- 
volves. Hence, five conditions suffice for the determination 
of the conic. It may, however, happen that some of the 
equations for the determination of the constants rise to a 
degree higher than the first, in such a case, the constants will 
have more than one value, and more than one conic may 
therefore be described, satisfying the required conditions, 
although the number will still be finite* 

The geometrical conditions of most frequent occurrence 
are those of passing through given points and touching given, 
straight lines, with such others as may be reduced to these. 
We proceed to consider how many conies may be described 
in each individual case. 

2. Let five pointa he given. 

In this case we have merely to substitute in the equation 
of the conic the co-ordinates of the several points for a, /3, 7 ; 
we shall thus obtain five simple equations for the determina- 
tion of the constants, and one conic only will satisfy the given 
conditions. 

3. Let four points and one tangent he given. 

Take three of the points as angular points of the triangle 
of reference. Let /J «7, A be the co-orainates of the fourth 
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given point, la + mfi'\'ny^O, the equation of the given tan- 
gent Let iiit equation of the <ionic be 

« P 7 

Then for the determination of the ratios X : /t : y, we have the 
equations 

^ + £? + if = 

^P+f/fnf +i^n* — 2pLvmn — 2p\nl — 2X/J^ =s 0. 

These equations will give two values for the ratios, and 
prove thereK>re that two conies can be described satisfying 
the required conditions. 

4. Let three points and two tcmgemie le given. 

Take the three points as angular points of the triangle of 
reiference* Let the two given tangents be represented bj the 
equations 

If then the conic be represented by tiie equation 

we have, for the determination of X : /i* : v^ the equations 
XV + ijfnf H- i^tf — ^iivmn — 2i/XnZ — 2\fdm = 0, 
X*P + /^•m'* + j/'«'*- 2/AmV - 2vKk!V - 2Xftr«»' « 0, 

which, being both quadratics, give four values for each of the 
ratios, shewing that four conies may be described satisfying 
the given conditions. 

5. Let tfoo pointa and three tangents he given. 

Take the three tangents as lines of reference, and let 
fiffy'^l f\ sfy *> ^ the co-ordinates of the two given points. 
F. 11 



/ ^ 
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Then, if the jequation of the conic be 

XV+ fi*^ + i^^ - 2fiv^y'-2v7<rya - 2\fia/3 = 0, 

we shall get, writing/, g^hi f^^ g\^ A', successively for a, /S, 7, 
two quadratics for the determination of the ratios X : /k : i/, 
giving therefore four conies. 

6. Let one point and four tangents: he given. 

Taking three of the tangents as lines of reference, the 
condition of touching the fourth given line gives a simple 
equation for the determination of the coefficients, and that of 
passing through the given point a quadratic. Hence,. two 
conies may be described, satisfying the given conditions. 

7. Let five tangents he given. 

Taking three of the tangents as lines of reference, the 
condition of touching each of the others gives a simple 
equation for the determination of the constants, shewing that 
one conic only can be described satisfying these conditions. 

The results of Arts. 5, .6, 7, may of course be deduced by 
the method of reciprocal polars, from tiioae of Arts. 4, 3, 2. 

8. Several other forms under which the data may be 
riven, are reducible to a certain number of lines and points. 
Thus to have given a tangent and its point of contact is 
equivalent to having two points given, the points being 
indefinitely close together. Or, it mav be regarded as equi- 
valent to having two tangents given, these tangents being in- 
definitely nearly coincident. To have given that a conic is 
a parabola is equivalent to having a tangent given, since 
every parabola touches the line at infinity. To have given 
that it is a circle is equivalent to having two points given, 
since all circles intersect the line at infinity in the same two 
points. And this explains the reason why four circles can 
be described touching the sides of a given triangle, but only 
one circumscribed about it. So, to have given that a conic 
is similar and similarly situated to a given one is equivalent 
to having two points given. To have given an asymptote is 
equivalent to having two points given, for an asymptote may 
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m 

be regarded as a tangent, the point of cdntaCt of which is 
given (at an infinite distance). To have given the direction 
of an asymptote is equivalent to having one point ^ven, for 
this virtually dietermintes the point in which me conic meets 
the line at infinity, ....... 

9. If it be given that three given points form a con- 
jugate tria4> this is equivalent to three conditions, as the 
equation of the conic, when these are taken as angular points 
of the triangle of reference, is of the fonn 

Two more conditions wiU therefore completely determine 
the conic. If these conditions be that the conic shall pass 
through two given points, or touch two given straight lines, 
or pass through one given point and touch one given straight 
line, one come only can be drawn to satisfy these xjondi- 
tions. 

We may observe that, if the above conic pass through 
the point (/, g, h) it also passes through the three points 
(-/, ^, A), (/, -g, h), (/, ff, -A), and that, if it touch 
the Ime (Z, w, n), it also touches the lines (— Z, tw, n), 
(Z, -wi, 7l), (Z, w, -w). 

ON THE LOCUS OF THE CENTRE OF A SYSTEM OF CONICS 
WHICH SATISFY FOUR CONDITIONS, EXPRESSED BY 
PASSING THROUGH POINTS AND TOUCHING STRAIGHT 
LINES. 

10. The locus of the centre of a conic, which passes 
through m points, qpd touches n straight lines, m + n being 
equal to four, will be a conic, in every case except two. We 
wiU consider the several cases in order. 

11. Let the system pass through four points. 

This is best treated by Cartesian co-ordinates. 

Of the conies which can be described passing through four 
points, two are . parabolas. Take, as co-ordinate axes, that 
diameter of each of these parabolas, the tangent at the ex- 

11—2 
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tremity of wMcli is paaraliel to the axis of the other. Then 
the two patrabolaa wiu be represented by the equations 

«' + 2/y + A = : (1). 

y + 2/a; + A'=0 (2). 

The system of conies is represented by the equation 

a:^ + X3^ + 2Vi» + 2^ + * + ^'**0.........(3), 

X being an arbitrary multipUer. 

The centre is given by the equations 

a? + V = 0, Xy+/=0. 

Eliminating \ we get for the locus of the centres 

xy^fy. ..(4), 

a conic, whose asymptotes are parallel to the axes of the 
parabolas (1) and (2). 

If the four points form a convex quadrangle, the parabolas 
will be real, and the locus (4) an hyperbola. If uie quad- 
rangle be concave, the parabolas wiU be imaginary, and the 
locus of centres an ellipse. 

The curve (4) bisects the distance between each pair of 
the four points, and passes through the voices of the quad- 
rangle. This may be seen from ^^ometrical considerations, 
for of the three pairs of straight lines which belong to this 
system of conies, the vertices are respectively the centres. 

From the form of the equation (3) we see that every conic 
of the system has a pair of conjugate diameters parallel to the 
axes of the parabola (1) (2) ; in other words to tbe asymptotes 
of (4). 

The conic of minimum eccentricity is obtained by making 
X = 1. In this case, these are the equal conjugate diameters. 

If the axes of the parabolas be at right angles to one 
another, the four points lie on the circum&rence of a circle. 
The axes of every conic in (3) are then parallel to the co-ordi- 
nate axes, and (4) is a rectangular hyperbola. 

If each of the four points be the orthocentre of the other 
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tliiee, the sjsiem of conice U a ^stem of rectangalair hjper- 
bolas, and (4) is the ninerpoixkt circle of the given points. 

12.* Let three points and a tangent he given. 

In this case, we may see, d priori, that the locuai will 
be a curve of the fourth degree, for we can describe four para- 
bolas satisfying the given conditions, and the locus will nave 
four asymptotes, parallel to the axes of these parabolas. 

Take the triangle formed by the three points fox the trir 
angle of reference, and use triangular co-ordinates. Let the 
tangent be represented hy lx + my + w« = 0, 

Then^ if the. system of conies be represented by 

\yz + fizx + vxy = 0, 

the condition of tangency gives 

i V + m*f4^ + wV - 2mnfAv - 2nlv\ •« 2lm\fi « 0. 

The centre is given by the equation 

If each member of this be put for the moment =? Pf we have 

^y + «— a? __ z + x — y _ a;-f-y — g 

2y«~^' ^ 2zx ^' ^r 2xy ^^^ 

therefore the equation of the locus becomes 

— 2mny«(« + a?— y) (a?+y — «) — 2nZZr (aj+y — «)(y + » — a?) 

— 2&iMty (y*+« — a:) (« + « — y) = 0, 
a curve of the fourth degreo* 

Writing l-^p, l-2y, l-^2j5, for 

y-f«-a?, ie+»-y, x+y-^g, 
respectively, the terms of the fourth order become 

Pa? + mY + »V - 2inn^z* - 2nh?(if - 2lma?^^ 
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Hence the asymptotes, and therefore the axes of the four 
parabolas, are parallel to the four lines 

- ±^*J» ± ^V i ^^ ^ ^• 

13. Let two paints and two tangents he given. 

; In this ca^, again, four paraboks can be described satisfy- 
ing th^ given conditions, and we might therefore expect that 
the locus would be a curve of the fourth degree. It will be 
found, however, that it brea^ up into two factors of the 
second degree. 

Taking the line joining the two points as a = 0, and the 
other two as )3 » 0, 7 =*= 0, the equation of the system may be 
written 

Here X is a variable parameter* For the determination 
of m and n, we may proceed as follows. Let the values of — , 
corresponding to a «= 0, be called i, l\ We have then 

(fi^lf){fi^Vy)=.^+2'!^l3y + ^,rf identically^ 

tn 

Hence -=±(H')*. 

For the centre, we have the equations 

X(Xa + «i)3 + n7)!=w(Xa + w/3 + W7) + 7 

,' • ^n(^ + iMfi + nrf)+fi; 

— y 
/. \a+w^ + n7«^— f; 
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Hence, the locus becomes 

or (m-«)a(wi8 — W7) + (m-n) O8-7) (wiS»+n7) = 09-7)*; 

.•• (m — n){w)8^— n7*+(»— «i)i87 — «7a + mai8} = 08 — 7)'. 

This may be imtten 
(w*-mn-l)i8'+(n"-f»n-l)7^-(w"-2mn + »*-2)i8y 

+ (n*— f»n) 7a+ (m*— «nn) a)8=s 0, 

or, dividing by m\ and substituting the valaes of — already 
obtained^ 

+ Wya-^-aff ± (B')* (7a + ai9) = 0, 

E*ving, a^ stated above, two conic sections for the required 
cus. • 

14. Lei one poinJt^ and three tangents he given* 

Here the required locus will be a conic, since only two 
parabolas can be described satisfying the given conditions. 

Take the three straight lines as lines of reference ; and let 
/, g^ hj be the triangular co-ordinates of the given point We 
have then, as the equation of the system, 

Z V + m^g' + nV — 2mn yz — 2nZ iix — Hm xg =s 0^ 

subject to the condition 

?/•+ my + n%* - 2mngh'-2nlhf''2lmfg^0 (1), 
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Fc»r tlie ceutrCy we hayef 

^ Za?*f-n?y—wg _ — fe + wiy + ng — Za? — wty + ng ^ 

l» my nz 

2(911 + ti) «i(n+2) n(Z+«ti)' 



••«• 



X y e 



** y + « — a? i5 + a? — y » + y — «* 
giving, for tlie locus of the centres, 

/•(y+«-a?)'+/(«+a?-y)" + i*(a? + y-«)* 
-2^A (« +0? -y) (a +y -«) - 2A/(aj + y-«) (« + « -y) 

a conic toncHing the three straight lines which join the 
middle points of the sides of the tnangte formed by the three 
given tangents. 

Its asymptotes are parallel to those of the curve 

It will therefore be a rectangolar hyp^boK if 

/•a«+^6«+AV + (y + c»^aP)yA+(cP + a«-&')A/ 

+ ((!»+ J*- i?)^ « (Art 3, Chap, v.), 

that is, if the point {fy g^ h) lie anywhere on the circxunference 
of iEi certain circle. 

It will be a cirde, if 

(^)'-(¥)'-m'' 



or, if 
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/ 9 ^ 

X ' ' ' ' " SC ■ ■■ ■ » ' » ^ ^>^-^^"y SBS ' ■ ■ "^ j- ' *! ' J. _ 

6 + c — a C'\-a'-o a'\'0'-c 

-f ^ 9 i_ 

a + S + c a + J — G c + a — 5' 



a + ftr-c Of+J+c fr+c — a* 

/ _ g ^ -& . 

c + a — J J + c — a a + J + c' 

or, if the point be any one of the points of intersection of the 
lines drawn from the angular points of the triangle with the 
points of contact of the four cirdes which touch the three 
sides. 

15* Letjxmr tangents he given. 

In this case, but one parabola can be described, and we 
may anticipate that the Iocua will be a straight line. This 
may be proved algebraically as follows. Take the diagonals 
of the quadrilateral formed by the four given tangents as Knes 
of reference, and let the equations of the four tangents be 

If the equation of the conic be 

t4a?" + t^+w«*=;*0.... .(l)t 

we must have 

VWZ* -f- «WWI* + WTO* * (2). 

And the centre of (1) is given by the equations 
therefore its locus is represented by 

SUPPLEMENTARY PROBLEMS. 

16. The following theorem ia naeM in many geometrical 
investigations* 
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The product of any two determtnaTUs is a determinants 
First, take ^he case of two rows and columns. 
Let 

Mx+»^.-fJ ^^' 

And let 

i8,f,+/9^.=or- ^^'• 

These equations lead to the following : 

fii (^ia?i + «,»j) +ft (ftj«i + M«) =^ J 



or 



Now, if (2) be satisfied, (3) will be. 
And (2) are satisfied^ if either 



«l> «s 



= 



fiv fit 
or if f J and f , are each = 0. 

In the latter case, we hare bj (1), either 






*0 



(3). 



(4), 



(5), 



or x^ and a;, = 0. But if x^ and a;,^ be not =0, then (3) 
gives 



=sO 



(6), 



Hence (6) is satisfied whenever either (4) or (5) are, and 
therefore its ,left*hand member must involve, as factors, the 
left-hand members of (4) and (5). The only other factor is 
nmnerrcal, nt^d tbis will be seen, hj comparing the coefficients 
of any term, as for instance afiflfi^j to be unity* 
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It maj, in like manner, be proved that' 



«1> ^V ^8 



7i> % 7. 



«A + «8^ + VlJ «1«1+ «A + «8^«' «A + «^8 + Vs 

^A+i8,6,+j83C., I3,a,'{'fij>^+fi,c^ fi^%'^fi,b^+fi,c^ 
7A + 7A+78^p 7A + 78*8 + 78C«, 7 A + 7«*8 + 78<58 

and so on, for any nnmber of rows and columns. 



17. J)P (f, g, h), (f ', g', h")., (f", g", h.") he three points 
which Jbrm a conjugate triad vdth respect to the conic- - 

^(x, jr, z) =:nx* + vy" + wz*+2u'yz + 2Vzx + 2w'xy =xO, 

then 



• 


«, 10% v' 

v>', V, vl 
v', «', w 


/. 9> * 
/', «?'. A' 
/", 9'\ *" 


9 


-*c/i^.A)*(/',^',A')^cr',. 


y", i"). 


For, generally, 




. 


«', «', to 


/'. y. A' 

/", 9", V 





tt/ + w> + A uf + try + t;'A', uf + wT+ t^'A" 
«'/+ vg +wTl, 117/'+ t;/ + w'A', vff'^ vgf +u'h" 
v'f-^u'ff+ wh, vf + t*y + wh\ v'f'+ Wy: + wh\ 

^r> ^fl^> ^'' 

where ^/ is written for ^^, &c. 
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Hence 



.«, VfyfH 




/. ff*, * 


to', V, u' 




/, s', *' 


l/, tt', w 




/',/,y' 



t 



Bnt/^/+i'^j; + A^A=^ (/, ^r, A) whatever yj^r, A, maybe* 

And fif>f:i'sf4'g + V<h^0. 
Similarly^ all iermBoC similar f(Hm » (h 
Hence the theorem is proved. 

18» A triangle %$ inscribed in the oaniCf 

ux' + vy* + wz* + 2uY» + ^Vzx + aVxy^ 0> 

tv)0 of its aides passing through the fixed points (f, g, h), 
(f ', g , h'), to find the envelope of the third. 

Call the fixed points £j K\ and the angular points of 
the triangle PQR^ MP passing through K^ PQ through K\ 
Then, by projectiug the conic into a circle and the line KK' 
to infiniljythe lines BP, PQwill project into two lines always 
parallel to themselves^ and therefore containing a constant 
angle, hence QR will project into a line always touching a 
circle concentric with tne given one* Therefore, in the given 
problem, the envdope of QR will be a oOnic, having double 
contact with the given one along the Ime KK', and will there- 
fore be represented by the eq[uation 

/, ff. * (• 

fr9\h' =0, (1), 

», y, « I 

^ (^9 Vi ^) being written, for shortness, instead of 

i«a? + t?y* + wf? + 2%iyz + ^'zx + ^w'xjfy 
and \ being a constant to be determined. 

Now we observe, in the first place, that \ must be of two 
dimensions in^ y, A, of two in/*, g\ h\ and of — 1 in. u» v,^ io^ 
u\ v\ w\ 



^(«»y>«) + 
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Next, let Fbe the point of intersection of two <5onsecutive 
positioius of QB. Then, if a triangle inscribed in the conic 
so that twt> of its sides alwajB pass throt^h K\ F, the en<« 
vielope of the third side will pass through kI Hence (1) must 
be satisfied when we exchange a?, y, «, with jfj y, h. 

Therefore we iave 



\^ (/) Sli *) + 



«, 


y. 


z 

1 


/. 


/» 


*', 


f, 


3> 


h 



0, 



\ being whiat X becomes when a?, y, j6 are written for/, ^r, ^. 
Hence 

^ («i y, «) - \^ (/, 5^, *) identically^ 

whence, X involves ^ (/, g. A) as a factor. Similarly it in- 
volves <l> {f, g\ A') as a factor. Hence we may write 

fi being a function of u^ t?, «(?, u', v\ w\ of three dimensions, 
since Xis of— 1. 



The equation then becomes 

^ (/, ff, *) ^ (/', 9', AO ^ («, A 7) + A* /', /. A' 



0, 



To determine /t, we may stippose, ntice it is independent of 
the co-ordinates of JEl, K', that each of these points ues on the 



polar of the other.. Then, the envelope of QB must pMS 

jy projecting KH 
to infinity, for then QB will alwajs'pass through the centre 



through the pole oiKK\ as may be seen bv projecting KK' 



of the conic Hence, if (/", g*\ h") be the polar of JKZ" 



0. 



whence tj Art. 17, /t =« — 



v/, V, «' 
v', «', w 



174 



MODEBN QEOMETfiY. 



Therefore the required envelope is 



<^(/,<7,A)^(/,i7',A')*(«,y,«) = 



Uy WjV 






u 
, w 



19. A triangle is described aiouf a canic^ x* 4- y' + z" = 0, 
ttvo of its vertices move on fixed straight lines, Ix + my + nz = 0, 
I'x + m'y + n'z = ; to prove that the locus of the third vertex 
wiU he given hy the equation >' . ■ 

1, m, n • 

(U' + mm' + nn7*(x* + y* + z«)+ l',m',ii' =0, 

X, y, z 

It may be shewn, ly reciprocating the theorem in the last 
article, that the locus will have double contact with the given 
conic along the pole of the intersection of the two given, 
straight lines; hence its equation will be of the form 

Z, 171, n 



and it remains to determine X« 



6 , 971 , 91 



= 



(1), 



For this purpose let the straight line Ix + my-^nz^O cut 
the given conic in P, P'. Let T be the pole of FP'. 

Now, suppose on^ side of the triangle to become the tan- 
gent at P, then th^ other tangent through P will coincide 
with it, hence the required locus passes through the point of 
intersection of Ta; + wy + n'z = 0, with the tangent at P, and 
also with the tangent at P'. 

Now, the co-ordinates of T are Z, w, w, hence these two 
tangents are represented by the equation 

(P + w* + n7(a^+/+«')-.(& + 9wy + n2;)»=0 (2), . 

Hence (1) must be satisfied by the values of a:, y, z, which 
satisfy (2), and also make 

J T x + fdy + nz = 0. 

' ^ Z, ^, n 

Now r, w, w' 
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r +m* +n\ IV +mm' -^-nn^ Ix +my +nz 
IV + mfn! + nriy V^ + w'* + w", Vx + my 4- Wz 
Ix+my +nZf Vn + fn!y +n!Zf a? +y" +«* 

which if Vx + my + nz = 0, becomes 

Z"+m* +w*, ZZ' + mm' + ww', & + my + w« 
ZZ' + mm' + nn', Z'* + w** + n'*, • 
Ix + my +nz, 0, . af+y* +a* 

= (Z' + m' + n*) (Z'» + m'« + n'«) (a? + y« + «») 

- (ZZ' + mm' + nnf (ai» +y» + «*) 
- (Z" + m" + w'") (& + my + W2?)* 
= - (ZZ' + mm' + Tin')" (a-' +y» + ««), if (2) be satisfied. 

Hence, by (1) X — {]iV •\-mm' + nn)' = 0, identically, 

therefore, the equation of the requlrecl locus becomes 

Z, m, n 
{IV + mm' + nny (aj" +/ + «') + 



Z', m', w' 

X,J/y z 



= 0. 



TBILINEAR CO-OBDINATES OF THE FOCI OF A CONIC. 

20. The following investigation of the trilinear co-ordi- 
nates of the foci does not introduce the conception of the 
imaginary circular pointe at infinity, or of imaginary tan. 
gents. 

The trilinear co-ordinates of the focus of the conic 

may be investigated in the following manner. Draw two 
tangents to the conic parallel to a=0, and let J^,j^ be their 
respective distances from that line* Then, ii j, g^h be ^he 
co-ordinates of a focus, we have 

* * • 

if—f^ i/i—f) =the square on the semi-axis minor. 
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If the equation of either tangent be 

a'(Jy9+oy) = (2A-aa')a, 

• which represents a line parallel to, and at a distance a from 
a = 0, the two values of a' obtained by introducing the con- 
dition of tangencj, will be /„ ^. ifow, the condition of 
tangency is 

0, a'a-2Aj W, ca' 



w 



V, 



V 



= 0. 



oa' - 2 A, w, 

ca', t;', m', w 

or U (W - 2A)« + F(5a7 + Wipoiy • 

►. +2Z7'&a'.ca*+27W(aa'-2A) + 2Jr'(aa'-2A)Sa'=0, 
which may be vnitten 

-4A(?7a+Tr6 + F'c)a' + 4A»[7=0. 

Hence, the left-hand member of this equation i& identi-' 
caUy equal to 

(?7a«+FJ«+Trc? + 2ric + 2F'ca + 2F'a5)(a'--/J(a'--jO, 
and therefore the square on the semi-axis minor 

(Oa+TF'J+rc)/-A[7 



=-./» + 4A 



Da>+ Vb^+W<? + 2U'bc + 2r'ca + 2W'ab^ 



Two similar expressions being obtained^ we get for the 
determination of the foci, the equations 

(Ua*+VV + W(? + 2U'hc+2V'ca + 2W'ab)f 

- 4A (I7a + TTJ + r'c)/+ 4A*U 
= (Da*+Fft"+irc* + 2irjc + 2F'ca + 2Tr'a5)/ 

-4A(F& + Z7'c+lF'a)^ + 4A»F 
^(Ua^+Vb^'\'VfV + 2U'bc+2V'ca + 2W'ab)h* 

-4A(TFc + Fa + irj)A + 4A«TF, 
the same as those obtained in Chap. yi. Art 33. 



7 
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MISCELLANEOUS EXAMPLES. 



1. Prove that the centre of the conic 

11 1a 
aa. op cy 

coincides with the centre of gravity of the triangle of reference. 



2, Prove that 



0, 1, 1, 1 

1, 0, z\ s^ 
1, z\ 0, a;» 
1,2^',«^,0 



(aj+y+«) (x-y-z) (y-z-x) («-a;-y). 



3. Prove that the square on the radius of the circle, de- 
scribed about the triangle of which the angular points are a, 6, c, 
is 



1 


,0, cib'y ac^ 
ha\ 0, M 
ca\ ch\ 


u 
1 

1 
1 


, 1, 1> 1 
, 0, ab^y oc* 

, 6a,^ 0, ho* 

, «*', c6*, 



Investigate a similar expression for the square on the radius of 
the sphere, described about the tetrahedron of which the angular 
points are a, 6, Cy d, 

4. ^ is a focus of a conic, PQ a chord subtending a constant 
angle at S] SRy 3T are drawn meeting the tangents at P and Q in 
B, T respectively, so that the angles BSEy QST are constant ; 
prove that RT always touches a conic having S for a focus, and a 
directrix in common with the given oonic. 

F, 12 



178 MODERN GEOMETRY. 

5. Prove thatj if tlie conic (^a)* + {mpf + {ny)^ = be a para- 
bola, its focus and directrix are given by the equations 

la mp ny 

^ ~ ZvH ~ ^» > 
a c 

la mp ^y _ A 

tan.i tan^ tanC 

Hence prove that, if a parabola touch three straight lines, its 
directrix always passes through a fbced point. State, in geometri- 
cal language, the position of this point relatively to the three 
straight lines. 

6. A system of parabolas is described so that a given triangle 
is self-conjugate with respect to each curve of the system ; prove 
that the locus of the focus is a circle, that the directrix always 
passes through the centre of the circle described about the tri- 
angle, and that every parabola of the system touches the three 
straight lines which bisect each pair of sides of the triangle. 

7. If P be any point on the circumference of a circle, any 
fixed point, prove that the locus of the point, in which the tangent 
at F intersects the line which bisects OF at right angles^ is a 
straight line. 

8. A rectangular hyperbola circumscribes a triangle; shew 
that the loci of the poles of its sides are three straight lines form- 
ing another tiiangle, whose angular points lie on the sides of the 
first, where they are met by perpendiculars from the opposite an- 
gular points. 

9. If ABGf A'B(j be two triangles, each of which is self- 
conjugate with regard to the same given conic, shew that another 
conic can be described about both. 

10. If a, )8, y, 8 be the distances of a point from four given 
straight lines, so connected that ^ + m)8 + wy+jt>8 = 0^ prove that, 
if a conic be described, touching these four straight lines, the locus 
of either of its foci will be the curve of the Siird degree repre- 
sented by the equation 

-4.-^+- + f=0. 

a p y 
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1 1. Prove that the polar reciprocal of a rectangular hyperbola 
with respect to any point /S^, is a conic, the sum of the squares on 
the semi-axes of which is equal to the square on the distance of its 
centre from S. 

12. Two given conies are so related that each of their common' 
tangents subtends a right angle at a given point. Prove that, if 
any two points be taken, one on each conic, so that the line join- 
ing them also subtends a right angle at that point, the envelope of 
this line will be a conic, of which that point is a focus. 

13. In Example 2, p. 116, prove that if any conic (A) he 
drawn touching the directrices of the four conies, the polar of 
the given point with respect to it will be a tangent to a conic, 
having the given point as focus and touching the sides of the tri- 
angle; and that the tangents from the given point to A are at 
right angles to each other. 

14. If, through a fixed point 0, a straight line be di'awn cut- 
ting the sides AJB, AC of a triangle ABC in /*, Q respectively, and 
£Q, CP be joined, prove that the locus of their point of intersec- 
tion is a conic circiunscribing the triangle ABC, 

15. If p„, p6, Po ^ *^i® semi-diameters of a conic, respectively 
parallel to the sides of the triangle of reference, prove that the 
area of the conic is 

sin -4 sin J? sin u \ pa /\ Pb /\ pe / 

, ^^ sin -4 sinjff sin (7 

where 25 = + + . 

Pa pb pe 

16. PQ is the chord of a conic, having its pole on the chord 
AB or AB produced; Qq is drawn parallel to AB meeting the 
conic in q ; shew that Pq bisects the chord AB. 

17. Similar circular arcs are described on the sides of a tri- 
angle ABCy their convexities being towards the interior of the tri- 
angle; shew that the locus of the radical centre of the three circles 
is ^e rectangular hyperbola 

8in(^-C ) sin(C-^) sin(^-^) ^ 
a P y " ' 
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18. Prove that, if r be either semi-axis of the curve 3fe|>re- 
sented by the equation 

ua? + v/3* + wy* + 2u'Py + 2i? ya + 2w a/S = 0, 
the values of r will be the roots of the equation 



a 



V 



\ u+j-{aU'-bv-cw') >7^-a8 cos A I v+ — (bv-cw'-au) ir^-bscosB 



=0, 



C8 COS C 







u, 'w\ V 






(ibc 


w\ V, u 




where s = 




v\ u\ w 








Uy w\ Vy a 






Wy Vy U'y b 






V\ Uy Wy C 






ay by Cy 






19. If a triangle is self-conjugate with respect to each of a 
series of parabolas, the lines joining the middle points of its sides 
will be tangents: all the directrices will pass through 0, the 
centre of the circumscribing circle: and the focal chords, which 
are the polars of Q, will envelope an ellipse inscribed in tl^e given 
triangle which has the nine point circle for its auxiliary circle. 

20. A conic circumscribes a triangle ABGy the tangents at 
the angular points meeting the opposite sides on the straight line 
DEF. The lines joining any point P on DEF to Ay B and C 
jneet the conic again in A'y By C' : shew that the triangle ABG 
envelopes a fixed conic inscribed in ABCy and having double 
contact with the given conic at the points where they are met by 
DEF, Also the tangents at Ay By C to the original conic meet 
Bffy UA'y AB in points lying on DEF. 

21. The anharmonic ratio of the pencil formed by joining 
a point on one of two conies to their four points of intersection is 
equal to the anharmonic range formed on a tangent to the other 
by their four common tangents. 
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22. THe foui* common tangents to two conies intersect two 
and two on the sides of their common conjugate triad. 

23. The locus of the centres of conies inscribed in a triangle 
and such that the centres of the escribed circles form a self-con- 
jugate triad with respect to them is a straight line parallel to 
aa + bp + cy = in areal co-ordinates. 

24. A triangle ABC, right-angled at A, is inscribed in a 
rectangular hyperbola; tangents at B and C meet in P: prove 
that AB, AF, AC and the tangent at A form a harmonic pencil. 

25. A By CD are two ^xed chords of a conic. .A straight 
line AFQ meets CD in P and the curve in Q, and on CQ a point 
B is taken so that PB subtends a constant angle at B : the locus 
of B will be a conic passing through B and C. 

26. Conies circumscribing a triangle have a common tangent 
at the vertex ; through this point a straight line is drawn : shew 
that the tangents at the various points where it cuts the curves 
all intersect on the base. 

27. One conic touches OA, OB in A and B, and a second 
conic touches OB, OC in B and C: prove that the other common 
tangents to the two conies intersect on AC. 

28. With any one of four given points as centre, a conic is 
described, self-conjugate with regard to the other three; prove 
that its asymptotes are parallel to the axes of the two parabolas 
which pass through the four given points. 

29. A rectangular hyperbola passes through the angular 
points, and a parabola touches the sides, of a given triangle; 
shew that the tangents drawn to the parabola, from one of the 
points where the hyperbola cuts the directrix of the parabola, are 
parallel to the asymptotes of the hyperbola. Which of the two 
points on the directrix is to be taken? When they coincide, shew 
that either curve is the polar reciprocal of the other with respect 
to the coincident points. 

30. The triangular coordinates of the two circular points at 
infinity are given by the equations 

X y z 



a~ heJ-'^" cc-J''^* 
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31. If each of two conies be reciprocated with respect to 
the other, prove that the four points of intersection of any two of 
the conies thus obtained, and the four points of intersection of the 
other two, lie on a conic. 

32. With any one of four given points as centre, a conic 
is described, self-conjugate with regard to the other three; prove 
that its asymptotes are parallel to the axes of the two parabolas 
which pass through the four given points. 

33. With each of four given straight lines as directrix, two 
conies are described, self-conjugate with regard to the other three; 
prove that the four pairs of conies, thus obtained, will have the 
same pair of points as foci coixesponding to the given directrix. 

34. If a triangle be self-conjugate to a rectangular hyperbola, 
and any conic be described, touching the sides of the triangle, each 
focus of this conic will lie on the polar of the other with respect 
to the rectangular hyperbola. 
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Drake, M.A., late Fellow of King's College, Cambridge. 8vo, 

The Greek Text adopted in this Edition is based upon that of Wellauer, 
which may be said in general terms to represent that of the best manu- 
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Besides the doctrine of Fallacies, Aristotle offers either in this treatise, or 
in other passages quoted in the commentary, various glances over the 
world of science and opinion, various suggestions on problems which are 
still agitated, and a vivid picture of the ancient system of dialectics, which 
it is hoped may be found both interesting and instructive. 

" It is not only scholarlike and careful ; it is also perspicuous." — Guardian, 

ARISTOTLE.— A."^ INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Notes, and Appendices. By 
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TURING.— Vforks by Edward Thring, ICA., Head Master of 
Uppingham School : — 

— A CONSTRUING BOOK. Fcap. 8vo. 2s. ed. 

This Construing Book is drawn up on the same sort of graduated scale as the 
Author's English Cramtnar. Passages out of the best Latin Poets are 
gradually built up into their perfect shape. The few words altered, or in- 
serted as the passages go on, are printed in Italics. It is hoped by this 
plan that the learner, whilst acquiring the rudiments of language, may 
store his mind with good poetry and a good vocabulary. 

— A LATIN GRADUAL. A First Latin Construing Book for 
Beginners. Fcap. 8vo. 2J. 6</. 

The main plan of this little work has been well tested. 

The intention is to supply by easy steps a knowledge of Grammar, combined 

with a good vocabulary ; in a word, a book which will not require to be 

forgotten a^ain as the learner advances. 
A short practical manual of common Mood constructions, with their English 

equivalents, form the second part. 

— A MANUAL of MOOD CONSTRUCTIONS. Extra fcap. 
8vo. i^. 6^. 

THUCYDIDES.—TliE SICILIAN EXPEDITION. Being Books 
VI. and VII. of Thucydides, with Notes. A New Edition, revised 
and enlarged, with a Map. By the Rev. Percival Frost, M.A., 
late Fellow of St. John's College, Cambridge. Fcap. 8vo. 5j. 

This edition is mainly a grammatical one. Attention is called to the force 
of compound verbs, and the exact meaning of the various tenses employed. 

WRIGHT.— S^otVs by J. Wright, M.A., late Head Master of 
Sutton Coldfield School : — 

— HELLENICA ; Or, a HISTORY of GREECE in GREEK, 
as related by Diodorus and Thucydides, being a First Greek 
Reading Book, with Explanatory Notes Critical and Historical. 
Third Edition, with a Vocabulary. i2mo. 3^. 6d. 

In the last twenty chapters of this volume, Thucydides sketches the rise and 
progress of the Athenian Empire in so clear a style and in such simple 
language, that the author doubts whether any easier or more instructive 
passages can be selected for the use of the pupil who is commencing 
Greek. 

— A HELP TO LATIN GRAMMAR ; Or, the Form and Use 
of Words in Latin, with Progressive Exercises. Crown 8vo. 
4.r. 6d. 

" Never was there a better aid offered alike to teacher and scholar in that 
arduous pass. The style is at once familiar and strikingly simple and 
lucid ; and the explanations precisely hit the difficulties, and thoroughly 
explain them." — English Journal 0/ Education. 
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WRIGHT.— ^ oiks, by J. Wright, TiL A,— Continued. 

— THE SEVEN KINGS OF ROME. An Easy Narrative, 
abridged from the First Book of Livy by the omission of difficult 
passages, being a First Latin Reading Book, with Grammatical 
Notes. Fcap. 8vo. 3^. 

This work is intended to supply the pupil with an easy Construing-book, 
which may at the same time be made the vehicle for instructing him in 
the rules of grammar and principles of composition. Here Livy tells his 
own pleasant stories in his own pleasant words. Let Livy be the master 
to teach a boy Latin, not some English collector of sentences, and he will 
not be found a dull one. 

— A VOCABULARY AND EXERCISES on the "SEVEN 
KINGS OF ROME." Fcap. 8vo. 2s, 6d. 

The Vocabulary and Exercises may also be had bound up with 
**The Seven Kings of Rome," price 5j. 
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AIRY. — Works by G. B. Airy, Astronomer Royal : — 

— ELEMENTARY TREATISE ON PARTIAL DIFFEREN- 
TIAL EQUATIONS. Designed for the use of Students in the 
University. With Diagrams. Crown 8vo. cloth, 5^. 6d. 

It is hoped that the methods of solution here explained, and the instances 
exhibited, will be found sufficient for application to nearly all the important 
problems of Physical Science, which require for their complete investiga- 
tion the aid of partial differential equations. 

— ON THE ALGEBRAICAL AND NUMERICAL THEORY 
of ERRORS of OBSERVATIONS, and the COMBINATION 
of OBSERVATIONS. Crown 8vo. cloth, 6s. 6d. 

— UNDULATORY THEORY OF OPTICS. Designed for the 
use of Students in the University. New Edition. Crown 8vo. 
cloth, 6s. 6d. 

— ON SOUND and ATMOSPHERIC VIBRATIONS. With 
the Mathematical Elements of Music. Designed for the use of 
Students of the University. Crown Svo. 9^. 

BAYMA.—TllE ELEMENTS of MOLECULAR MECHANICS. 
By Joseph Bayma, S.J., Professor of Philosophy, Stonyhurst 
College. Demy Svo. cloth, lor. 6d» 
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BOOLE.— Vforks by G. Boole, D.C.L., F.B.S., Professor of 
Mathematics in the Queen's University, Ireland : — 

— A TREATISE ON DIFFERENTIAL EQUATIONS. New 
and Revised Edition. Edited by I. Todhunter. Crown 8vo. 
cloth, 14^. 

The author has endeavoured in this Treatise to convey as complete an ac- 
count of tlie present state of knowledge on the subject of Differential 
Equations, as was consistent with the idea of a work intended primarily 
for elementary instruction. The earlier sections of each chapter contain 
that kind of matter which has usually been thought suitable to the beginner, 
while the later ones are devoted either to an account of recent discovery, 
or the discussion of such deeper questions of principle as are likely to pre- 
sent themselves to the reflective student in connexion with the methods 
and processes of his previous course. 

— A TREATISE ON DIFFERENTIAL EQUATIONS. Sup- 
plementary Volume. Edited by I. Todhunter. Crown Svo. 
cloth, 8j. 6d. 

— THE CALCULUS OF FINITE DIFFERENCES. Crown 
Svo. cloth, los. 6d. 

l^is work is in some measure designed as a sequel to the Treatise oti 
Differential EqtiationSy and is composed on the same plan. 

BEASLEY.—K^ ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY. With Examples. By R. D. Beasley, 
M.A., Head Master of Grantham Grammar School. Second 
Edition, revised and enlarged. Crown Svo. cloth, 3J. dd. 

This Treatise is specially intended for use in Schools. The choice of matter 
has been chiefly guided by the requirements of the three days' Examina-- 
tiou at Cambridge, with the exception of prop<MtionaI parts in Logarithms, 
which have been omitted. About Four hundred Examples have been 
added, mainly collected from the Examination Papers of the last ten years, 
and great pains have been taken to exclude from the body of the wonc any 
which might dishearten a beginner by their difficulty. 

CAMBRIDGE SENATE-HOUSE PROBLEMS and RIDERS, 
WITH SOLUTIONS:— 

1S48—1SS I. —PROBLEMS. By Ferrers and Jackson. Svo. cloth. 
1 5 J. 6d. 

1848— 1851.— RIDERS. By Jameson. Svo. cloth, yj. 6d. 

1S54.— PROBLEMS and RIDERS. By Walton and Mackenzie, 
Svo. doth. lor, 6</. 

1857.— PROBLEMS and RIDERS. By Campion and Walton. 
Svo. cloth. Sj. 6d. 

1S60.— PROBLEMS and RIDERS. By Watson and Routh. 
Crown Svo. cloth. 7^. 6d. 

1864.— PROBLEMS and RIDERS. By Walton and Wilkinson. 
Svo. cloth. lar. (>d. 
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CAMBRIDGE COURSE OF ELEMENTARY NATURAL PHI- 
LOSOPHY, for the Degree of B.A. Originally compiled by 
J. C. Snowball, M. A., late Fellow of St. John's College. Fifth 
Edition, revised and enlarged, and adapted for the Middle-Class 
Examinations by Thomas Lund, B.D., Late Fellow and Lecturer 
of St. John's College ; Editor of Wood's Algebra, . &c. Crown 
8vo. cloth. • 5j. 

CAMBRIDGE AND DUBLIN MA THEMA TICAL JOURNAL, 
The Complete Work, in Nine Vols. 8vo. cloth. £^ 4J. 

(Only a few copies remain on hand.) 

CANDLER.— KELT to ARITHMETIC. Designed for the use of 
Schools. By H. Candler, M.A., Mathematical Master at 
Uppingham. Fcap. 8vo. 2s. 6d. 

CffEYNE.—AN ELEMENTARY TREATISE on the PLANET- 
ARY THEORY. With a Collection of Problems. By C. H. H. 
Cheyne, B.A. Crown 8vo. cloth. 6s. 6d. 

— THE EARTH'S MOTION of ROTATION. By C. H. H. 
Cheyne, M.A. Crown 8vo. 3^. 6d, 

CHILDE.— THE SINGULAR PROPERTIES of the ELLIPSOID 
and ASSOCIATED SURFACES of the Nth DEGREE. By 
the Rev. G. F. Childe, M.A., Author of "Ray Surfaces," 
"Related Caustics," &c. 8vo. los. dd. 

CHRISTIE.— K COLLECTION OF ELEMENTARY TEST- 
QUESTIONS in PURE and MIXED MATHEMATICS ; with 
Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Homer's Method. By James 
R. Christie, F.R.S., late First Mathematical Master at the 
Royal Military Academy, Woolwich. Crown 8vo. cloth, Sj. 6d. 

DALTON—KKITBMETICKL EXAMPLES. Progressively ar- 
ranged, with Exercises and Examination Papers. By the Rev. 
T. Dalton, M.A., Assistant Master of Eton College. i8mo. 
cloth. 2s,'6d. 

2?^ K— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part I., The Ellipse, with Problems. 
By the Rev. H. G. Day, M. A., Head Master of Sedbergh Grammar 
SchooL Crown 8vo. 3^". 6d. 

DODGSON—AN ELEMENTARY TREATISE ON DETER- 
MINANTS, with their AppUcation to Simultaneous Linear Equa- 
tions and Algebraical Geometry. By C. L. Dodgson, M.A., 
Mathematical Lecturer . of Christ Church, Oxford. Small 4to. 
cloth, icxr. 6^. 
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jD/^EfV.—GEOUETRlCAh TREATISE on CONIC SECTIONS. 
By W. H. Drew, M. A., St. John's College, Cambridge. Third 
Edition. Crown 8vo. cloth, 4J'. 6d. 

In this work the subject of Conic Sections has been placed before the student 
in such a form that, it is hoped, after mastering the elements of Euclid, he 
may find it an easy and interesting continuation of his geometrical studies. 
With a view also of rendering the work a complete Manual of what is re- 
quired at the Universities, there have been either embodied into the text, 
or inserted among the examples, every book-work question, problem, and 
rider, which has been proposed in the Cambridge examinations up to the 
present time. 

— SOLUTIONS TO THE PROBLEMS IN DREW'S CONIC 
SECTIONS. Crown 8vo. cloth, 4s. 6d, 

I^E/^I^jBI^S.^AN elementary treatise on TRILINEAR 
CO-ORDINATES, the Method of Reciprocal Polars, and the 
Theory of Projections. By the Rev. N. M. Ferrers, M.A., 
Fellow and Tutor of Gonville and Caius College, Cambridge. 
Second Edition. Crown 8vo. 6s, 6d. 

The object of the author in writing on this subject has mainly been to place 
it on a basis altogether independent of the ordinary Cartesian system, in- 
stead of reading it as only a si>ecial form of Abridged Notation. A short 
chapter on Determinants has been introduced. 

FI^OST.— THE FIRST THREE SECTIONS of NEWTON'S 
PRINCIPIA. With Notes and Illustrations. Also a Collection 
of Problems, principally intended as Examples of Newton's 
Methods. By Percival Frost, M. A., late Fellow of St. John's 
College, Mathematical Lecturer of King's College, Cambridge. 
Second Edition. Svo. cloth, 10s. 6d. 

The author's principal intention is to explain difficulties which may be en- 
countered by the student on first readmg the Principia, and to illustrate 
the advantages of a careful study of the methods employed by Newton, by 
shoAving the extent to which they may be applied in the solution of prob- 
lems : he has also endeavoured to give assistance to the student who is 
engaged in the study of the higher branches of Mathematics, by repre- 
senting in a geometrical form several of the processes employed in the 
Differential and Integral Calculus, and in the analytical investigations ot 
Dynamics. 

FROST and WOLSTENHOLME.—K TREATISE ON SOLID 
GEOMETRY. By Percival Frost, M.A., and the Rev. J. 
WoLSTEN HOLME, M.A., Fellow and Assistant Tutor of Christ's 
College. Svo. cloth, i8j. 

The authors have endeavoured to present before students as comprehensive 
a view of the subject as possible. Intending as they have done to make 
the subject accessible, at least in the earlier portion, to all classes of 
students, they have endeavoured to explain fully all the processes which 
are most useful in dealing with ordinary theorems and problems, thus di- 
recting the student to the selection of methods which are best adapted to 
the exigencies of each problem. In the more difficult portions of the sub- 
ject, they have considered themselves to be addressing a higher class of 
students ; there they have tried to lay a good foundation on which to build, 
if any reader should wish to pursue the science beyond the limits to which 
the work extends. 
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GODFRAY.—K TREATISE on ASTRONOMY, for the use of 
Colleges and Schools. By Hugh Godfray, M. A., Mathematical 
Lecturer at Pembroke College, Cambridge. 8vo. cloth, lis. 6d. 

" We can recommend for its purpose a very good Treatise on Astronomy 
by Mr. Godfray. It is a workmg book, taking astronomy in its proper 
place in mathematical science, cut it begins with the elementary de- 
finitions, and connects the mathematical formulae very clearly with the 
visible aspect of the heavens and the instnunents which are used for ob- 
serving it." — Guardian. 

— AN ELEMENTARY TREATISE on the LUNAR THEORY. 
With a brief Sketch of the Problem up to the time of Newton. 
By Hugh Godfray, M.A. Second Edition, revised. Crown 
8vo. cloth. 5j. 6^. 

HEMMING.— KJ^ ELEMENTARY TREATISE on the DIF- 
FERENTIAL AND INTEGRAL CALCULUS, for the use 
of Colleges and Schools. By G. W. Hemming, M.A., Fellow 
of St. John's College, Cambridge. Second Edition, with Cor- 
rections and Additions. 8vo. cloth. 9J. 

JONES and C^^IW^.— ALGEBRAICAL EXERCISES. Pro- 
gressively arranged. By the Rev. C. A. Jones, M. A., and C. H. 
Cheyne, M.A., Mathematical Masters of Westminster School. 
New Edition. i8mo. cloth, 2^. 6d. 

This little book is intended to meet a difficulty which is probably felt more 
or less by all engaged in teaching Algebra to beginners. It is that while 
new ideas are being acquired, old ones are forgotten. In the belief that 
constant practice is the only remedy for this, the present series of miscel- 
laneous exercises has been prepared. Their peculiarity consists in this, 
that though miscellaneous they are yet progressive, and may be used by 
the pupil almost from the commencement of his studies. They are not in- 
tended to supersede the systematically arranged examples to be found iii 
ordinary treatises on Algebra, but rather to supplement them. 

The book being intended chiefly for Schools and Junior Students, the higher 
parts of Algebra have not been included. 

KITCHENER.— A GEOMETRICAL NOTE-BOOK, contaimng 
Easy Problems in Geo^ietrical Drawing preparatory to the Study 
of Geometry. For the use of Schools. By F. E. Kitchener, 
M.A., Mathematical Master at Rugby. 4to. 2j. 

MORGAN— A COLLECTION of PROBLEMS and EXAMPLES 
in Mathematics. With Answers. By H. A. Morgan, M.A., 
. Sadlerian and Mathematical Lecturer of Jesus College, Cambridge. 
Crown 8vo. cloth. 6^. 6d, 

This book contains a number of problems, chiefly elementary, in the Mathe- 
matical subjects usually read at Cambridge. They have been selected 
from the papers set dunng late years at Jesus college. , Very few of them 
are to be met with in other collections, and by far the larger number are 
due to some of the most distinguished Mathematicians in the University. 
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PARKINSON.— V^orks by S. Parkinson, B.D., Fellow and Prse- 
lector of St. John's College, Cambridge : — 

— AN ELEMENTARY TREATISE ON MECHANICS. For 
the use of the Junior Classes at the University and the Higher 
Classes in Schools. With a Collection of Examples. Third 
Edition, revised. Crown 8vo. cloth, qj. 6d. 

The author has endeavoured to render the present volume suitable as a 
Manual for the junior classes in Universities and the higher classes in 
Schools. In the Third Edition several additional propositions have been 
incorporated in the work for the puroose of rendering it more complete, 
and tne Collection of Examples and Problems has been largely increased. 

— ATREATISE on OPTICS. Second Edition, revised. Crown 

8vo. cloth, I or. 6d. 

A collection of Examples and Problems has been appended to this work 
which are sufficiently numerous and varied in character to afford useful 
exercise for the student : for the greater part of them recourse has been 
had to the Examination Papers set in the University and the several Col- 
leges during the last twenty years. 

.fty.S'^i?.— ELEMENTARY HYDROSTATICS. With numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. Fourth Edition. Crown 8vo. 
cloth, 5j. 6d. 

**An excellent Introductory Book. The definitions are very clear; the de- 
scriptions and explanations are sufficiently full and intelligible ; the in- 
vestigations are simple and scientific. The examples greatly enhance its 
value." — English Journal of Education. 

PRATT.— K TREATISE on ATTRACTIONS, LAPLACE'S 
FUNCTIONS, and the FIGURE of the EARTH. By John 
H. Pratt, M.A., Archdeacon of Calcutta, Author of "The 
Mathematical Principles of Mechanical Philosophy." Third 
Edition. Crown 8vo. cloth, 6j. dd. 

PUCKLE.—KN ELEMENTARY TREATISE on CONIC SECT- 
IONS and ALGEBRAIC GEOMETRY. With numerous Ex- 
amples and hints for their Solution ; especially designed for the use 
of Beginners. By G. H. Puckle, M.A., St. John's College, 
Cambridge, Head Master of Windermere College. Third Edition, 
enlarged and improved. Crown 8vo. cloth, 7j. 6d. 

The work has been completely re-written, and a considerable amotmt of new 
matter has been added, to suit the requirements of the present time. 

i?^KV0ZZ>5'.— MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. 3J. 6d, 
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RA ^Z/iV^OiV.— ELEMENTARY STATICS. By G. Rawlin- 
SON, M.A. Edited by Edward Sturges, M.A., of Emmanuel 
College, Cambridge, and late Professor of the Applied Sciences, 
Elphinstone College, Bombay. Crown 8vo. cloth. 4r. 6^. 

Published under the authority of H. M. Secretary of State for use in the 
Government Schools and Colleges in India. 

" This Manual may take its place among the most exhaustive, yet clear and 
simple, we have met with, upon the composition and resolution of forces, 
equilibrium, and the mechanical powers." — Oriental Budget. 

ROUTH.—K^ ELEMENTARY TREATISE on the DYNAMICS 
of a SYSTEM of RIGID BODIES. With Examples. By 
Edward John Routh, M.A., Fellow and Assistant Tutor of 
St. Peter's College, Cambridge ; Examiner in the University of 
London. Second Edition. Crown 8vo. cloth, 14^. 

SMITH.— K TREATISE on ELEMENTARY STATICS. By 
J. H, Smith, M.A., Gonviile and Caius College, Cambridge. 
8vo. 5j. 6d. 

— A TREATISE on ELEMENTARY HYDROSTATICS. By 
J. H. Smith, M.A. 8vo. 4J. 6d. 

— A TREATISE on ELEMENTARY TRIGONOMETRY. By 
J. H. Smith, M.A. 8vo. 5^. 

SMITH. —Works by Barnard Smith, llff. A., Rector of Glaston, 
Rutlandshire, late Fellow and Senior Bursar of St. Peter's College, 
Cambridge : — 

-~ ARITHMETIC and ALGEBRA, in their Principles and Ap- 
plication, with numerous Systematically arranged Examples, taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for B.A. Degree. Tenth Edition. 
Crown 8vo. cloth, los. 6d. 

This work is now extensively used in Schools and Colleges both at home and 
in the Colonies. It has also been found of great service for students pre- 
paring for the Middle-Class and Civil and Military Service Ex- 
aminations, from the care that has been taken to elucidate l^t principles 
of all the Rules. 

— ARITHMETIC FOR SCHOOLS. New Edition. Crown 
8vo. cloth, 4J. 6d, 

— COMPANION to ARITHMETIC for SCHOOLS. [Preparing. 

— A KEY to the ARITHMETIC for SCHOOLS. Seventh 
Edition. Crown 8vo. , cloth, 8j. 6d. 

— EXERCISES in ARITHMETIC. With Answers. Crown 
8vo. limp cloth, 2J. 6d. Or sold separately, as follows : — Part I. 
IS. ; Part II. is. ANSWERS, 6d, 

These Exercises have been published in order to give the pupil examples in 
every rule of Arithmetic. The greater number have been carefully com- 
piled from the latest University and School Examination Papers. 
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SMITH,— VfoY\is by Barnard Smith, 1S..K.— Continued. 

— SCHOOL CLASS-BOOK of ARITHMETIC. i8mo. cloth, 
3J. Or sold separately, Parts I. and II. \od, each ; Part III. \s. 

— KEYS to SCHOOL CLASS-BOOK of ARITHMETIC. Com- 

?lete in one Volume, i8mo., cloth, 6^. dd, ; or Parts I., II., and 
II. 2J-. 6d. each. 

I 

— SHILLING BOOK of ARITHMETIC for NATIONAL 
and ELEMENTARY SCHOOLS. i8mo. cloth. Or separately, 
Part I. 2d.; Part II. 3^.; Part III. yd. Answers, 6d. 

The Same, with Answers complete. i8mo. cloth, is. 6d. 

— KEY to SHILLING BOOK of ARITHMETIC. i8mo. cloth, 
4s. 6d. 

— EXAMINATION PAPERS in ARITHMETIC. In Four 
Parts. i8mo. cloth, is. 6d. The Same, with Answers, i8mo. 
IS. gd. 

— KEY to EXAMINATION PAPERS in ARITHMETIC. 
i8mo. cloth, 4s. 6d. 

SNOU^BALL.—'PLANE and SPHERICAL TRIGONOMETRY. 
With the Construction and Use of Tables of Logarithms. By 
J. C. Snowball. Tenth Edition. Crown 8vo. cloth, js. 6d. 

TAIT and STEELE.— DY^hWlQ^ of a PARTICLE. With 
Examples. By Professor Tait and Mr. Steele. New Edition. 
Crown 8vo. cloth, \os. (yd. 

In this Treatise will be found all the ordinary propositions connected with 
the Dynamics of Particles which can be conveniently deduced without the 
use of D'Alembert's Principles. Throughout the book will be found a 
number of illustrative Examples introduced in the text, and for the most 
part completely worked out ; others, with occasional solutions or hints to 
assist the student, are appended to each Chapter. 

7M yZ(9i?.— GEOMETRICAL CONICS ; including Anharmonic 
Ratio and Projection, with numerous Examples. By C. Taylor, 
B.A., Scholar of St. John's College, Cambridge. Crown 8vo. 
cloth, 7^. 6</. 

rii^/^K— ELEMENTARY MENSURATION for SCHOOLS. 
With numerous Examples. By Septimus Tebay, B.A., Head 
Master of Queen Elizabeth's Grammar School, Rivington. Extra 
fcap. 8yo. 3j. (id. 
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TODHUNTER,—Vforks by I. Todlnmter, M.A., F.B.S., Fellow 
and Principal Mathematical Lecturer of St. John's College, Cam- 
bridge : — 

-^ THE ELEMENTS of EUCLID for the use of COLLEGES 
and SCHOOLS. New Edition. i8mo. cloth, 3^. (>d. 

— ALGEBRA for BEGINNERS. With numerous Examples. 
New Edition. i8mo. cloth, 2s, 6d. 

— KEY to ALGEBRA for BEGI]^^NERS. Crown 8vo., cl., 6^. 6^. 

— TRIGONOMETRY for BEGINNERS. With numerous 
Examples. New Edition. i8mo. cloth, 2s. 6d. 

Intended to serve as an introduction to the larger treatise on Plane Trigo- 
nometry, published by the author. The same plan has been adopted as in 
the Algebra for Begiitfters: the subject is discussed in short chapters, and 
a collection of examples is attached to each chapter. 

-. MECHANICS for BEGINNERS. With numerous Examples. 
i8mo. cloth, 4r. dd. 

Intended as a companion to the two preceding books. The work forms an 
elementary treatise on Demonstrative Mechanics. It may be true that 
this part of mixed mathematics has been sometimes made too abstract and 
speculative ; but it can hardly be doubted that a knowledge of the elements 
at least of the theory of the subject is extremely valuable even for those 
who are mainly concerned with practical results. The author has accord- 
ingly endeavoiu-ed to provide a suitable introduction to the study of applied 
as well as of theoretical Mechanics. 

— A TREATISE on the DIFFERENTIAL CALCULUS. 
With Examples. Fourth Edition. Crown 8vo. cloth, icxr. 6d. 

— A TREATISE on the INTEGRAL CALCULUS. Third 
Edition, revised and enlarged. With Examples. Crown 8vo. 
cloth, lOf. 6d. 

— A TREATISE on ANALYTICAL STATICS. With Ex- 
amples. Third Edition, revised and enlarged. Crown 8vo. doth, 
loj. ()d, 

— PLANE CO-ORDINATE GEOMETRY, as applied to the 
Straight Line and the CONIC SECTIONS. With numerous 
Examples. Fourth Edition. Crown 8vo. cloth, *js. 6d. 

— ALGEBRA. For the use of Colleges and Schools. Fourth 
Edition. Crown 8vo. cloth, *js, 6d. 

This work contains all the propositions which are usually included in ele- 
mentary treatises on Algebra, and a large number of Examples ^or Ex- 
ercise. The author has sought to render the work easily intelligible to 
students without impairing the accuracy of the demonstrations, or contract- 
ing the limits of the subject. The Examples have been selected with a 
view to illustrate every part of the subject, and as the number of them is 
about Sixteen hundred and fifty, it is hoped they will supply ample exer- 
cise for the student. Each set of Examples has been carefully arranged, 
commencing with very simple exercises, and proceeding gradually to those 
which are less obvious. 
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TODHUNTER.'-''^ox\& by I. Todhunter, lS.,iL.— Continued, 

— PLANE TRIGONOMETRY. For Schools and Colleges. 
Third Edition. Crown 8vo. cloth, 5^. 

The design of this work has been to render the subject intelligible to be- 
ginners, and at the same time to aiTord the student the opportimity of ob- 
taining all the information which he will require on this branch of Mathe- 
matics. Each chapter is followed by a set of Examples ; those which are 
entitled Miscellaneous Examples^ together with a few in some of the other 
sets, may be advantageously reserved by the student for exercise after he 
has made some progress in the subject In the Second Edition the 
hints for the solution of the Examples have been considerably increased. 

— A TREATISE ON SPHERICAL TRIGONOMETRY. 
Second Edition, enlarged. Crown 8vo. cloth, 4J. (>d. 

This work is constructed on the same plan as the Treatise on Plane Trigo- 
nometry y to which it is intended as a sequel. ^ Considerable labour has 
been expended on the text in order to render it comprehensive and ac- 
curate, and the Examples, which have been chiefly selected from Uni- 
versity and College Papers, have all been carefully verified. 

— EXAMPLES of ANALYTICAL GEOMETRY of THREE 
DIMENSIONS. Second Edition, revised. Crown 8vo. cloth, 4J'. 

~ AN ELEMENTARY TREATISE on the THEORY of 
EQUATIONS. Second Edit., revised. Cr. 8vo. cl., 7j. 6^. 

^/Z^OA^:— ELEMENTARY GEOMETRY. Part I. Angles, 
Parallels, Triangles, and Equivalent Figures, with the Application 
to Problems. By J. M. Wilson, M.A., Fellow of St. John's 
College, Cambridge, and Mathematical Master in Rugby School. 
Extra fcap. 8vo. 2s. 6d, 

" It is an actual substitute for the first twol>ooks of Euclid, in which many 
of his propositions are drawn out from the conception of straightness, 
parallelism, angles, with wonderful ease and simplicity, and the methods 
employed have the great merit of suggesting a ready application to the 
solution of fresh problems." — Guardian. 

— ELEMENTARY GEOMETRY, Part II. The Circle and 
Proportion. By J. M. Wilson, M.A. Extra fcap. 8vo. 2j. 6d, 

— A TREATISE on DYNAMICS. By W. P. Wilson, M.A., 
Fellow of St. John's College, Cambridge ; and Professor of 
Mathematics in Queen's College, Belfast. 8vo. qj. 6d. 

WOLSTENHOLME.—K BOOK of MATHEMATICAL PROB- 
LEMS on subjects included in the Cambridge Course. By Joseph 
Wolsten HOLME, Fellow of Christ's College, sometime Fellow of 
St. John's College, and lately Lecturer in Mathematics at Christ's 
College. Crown 8vo. cloth. &f. dd. 

Contents: Gfeometry (Euclid). — Algebra. — Plane Trigonometry. -^onic 
Sections, Geometrical. — Conic Sections, Analytical. — ITieory of Equations. 
— Differential Calculus. — Integral Calculus. — Solid Geometry. — Statics. — 
Dynamics, Elementary. — Newton. — Dynamics of a Point. — Dynamics of 
a Rigid Body. — Hydrostatics. — Geometrical Optics. — Spherical Trigono- 
metry' and Plane Astronomy. 
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^/^K —POPULAR ASTRONOMY. With lUustrations. By G. B. 
Airy, Astronomer Royal. Sixth and Cheaper Edition. i8mo. 
cloth, 4r. 6d, 

** Popular Astronomy in general has many manuals ; but none of them super- 
sede the Six Lectures of the Astronomer Royal under that title. Its 
speciality is the direct way in which every step is referred to the observatory, 
and in which the methods and instruments by which every observation is 
made are fully described. This gives a sense of solidity and substance to 
astronomical statements which is obtainable in no other way." — Guardian. 

G£/Jsri£.— ELEMENTARY LESSONS in PHYSICAL GEO- 
LOGY. By Archibald Geikie, F.R.S., Director of the Geo- 
logical Survey of Scotland. [Preparing, 

ffC/XLEY,— LESSONS in ELEMENTARY PHYSIOLOGY. 
With numerous Illustrations. By T. H. Huxley, F.R.S., Pro- 
fessor of Natural History in the Royal School of Mines. Seventh 
Thousand. i8mo. cloth, 4^. 6{/. 

" It is a very small book, but pure gold throughout. There is not a waste 
sentence, or a superfluous word, and yet it is all clear as daylight. It 
exacts close attention from the reader, but the attention will be repaid by 
a real acquisition of knowledge. And though the book is so small, it 

manages to touch on some of ue very highest problems The whole 

book shows how true it is that the most elemental^ instruction is best 
given by the highest masters in any science." — Guardian. 

" The very best descriptions and explanations of the principles of hiunan 
physiology which have yet been written by an Englishman." — Saturday 
Review. 

QUESTIONS on HUXLEY'S PHYSIOLOGY for SCHOOLS. 
By T. Alcock, M.D. i8mo. is.^, 

LOCKYER.-^ELEUENTAKY LESSONS in ASTRONOMY. 
With Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulse, and numerous Illustrations. By J. Norman Lockyer, 
F.R.A.S. i8mo. 5^. 6d. 

" Forms an admirable introduction to the study of astronomy. While divested 
of anything like irrelevant disqtiisition it is popular in its method of treat- 
ment, and written in clear and easily comprenended language." — Educa- 
tional Times. 

" It is remarkably clear and compact, the illustrations are also of unusual 
excellence. No other book on the subject that we know is at once so small 
and so good." — Guardian. 
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OL/F£I^.— LESSONS IN ELEMENTARY BOTANY. With 
nearly Two Hundred Illustrations. By Daniel Oliver, F.R.S., 
F.L.S. Fourth Thousand. i8mo. cloth, 4s. 6d. 

** The manner is most fascinating, and if it does not succeed in making this 
division of science interesting to every one, we do not think anything can. 
.... Nearly 200 well executed woodcuts are scattered through the text, 
and a valuable and copious index completes a volume which we cannot 
praise too highly, and which we trust all our botanical readers, yoimg and 
old, will possess themselves of." — Popular Science Review. 

** To this system we now wish to direct the attention of teachers, feeling 
satisfied that by some such course alone can any substantial knowledge of 
plants be conveyed with certainty to young men educated as the mass of 
our medical students have been. We know of no work so well suited to 
direct the botanical pupil's efforts as that of Professor Oliver's, who, with 
views so practical and with great knowledge too, can write so accurately 
and clearly." — Natural History Review. 

ROSCOE^—LESSONS in ELEMENTARY CHEMISTRY, In- 
organic and Organic. By Henry Roscoe, F.R.S., Professor 
of Chemistry in Owen's College, Manchester. With numerous 
Illustrations and Chromo-Litho. of the Solar Spectra. Twelfth 
Thousand. i8mo. cloth, 4;. (id. 

It has been the endeavour of the author to arrange the most important facts 
and principles of Modem Chemistry in a plain but concise and scientific 
form, suited to the present requirements of elementary instruction. For 
the piu^se of facilitating the attainment of exactitude in the knowledge of 
the subject, a series of exercises and questions upon the lessons have been 
added. The metric system of weights and measures, and the centigrade 
thermometric scale, are used throughout the work. 

A small, compact, carefully elaborated and well arranged manual." — 
Spectator. 
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MISCELLANEOUS. 

ATLAS of EUROPE. Globe Edition. Uniform in size with 
Macmillan's Globe Series, containing 48 Coloured Maps, on the 
same scale Plans of London and Paris, and a copious Index, 
strongly bound in half-morocco, with flexible back. gs. 

Notice. — This Atlas includes all the Countries of Europe in a Series of 
Forty-eight Maps, drawn on the same scale, with an Alphabetical Index to 
the situation of more than 10,000 Places ; and the relation of the various 
Maps and Countries to each other is defined in a general Key-Map. 

*' In the series of works which Messrs. Macmillan and Co. are publishing 
under this general title (Globe Series) they have combined portableness 
with scholarly accuracy and typographical beauty, to a degree that is 
almost imprecedented. Happily they are not alone in employing the 
highest available scholarship m the preparation of the most elementary 
educational works ; but their exquisite taste and large resources secure an 
artistic result which puts them almost beyond competition. This little 
atlas will be anjnvaluable boon for the school, the desk, or the traveller's 
portmanteau. "-^^rzVwA Quarterly Review. 
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BATES and LOCKYER.—K CLASS BOOK of GEOGRAPHY, 
adapted to the recent Programme of the Royal Geographical 
Society. By H. W. Bates and J. N. Lockyer, F.R.A.S. 

[/« the Press, 

CAMEOS from ENGLISH HISTORY. From RoUo to Edward II. 
By the Author of * * The Heir of Redclyife. " Extra fcap. 8vo. 5 j. 

" They are a series of vivid pictures which will not easily fade from the 
minds of the yoimg people for whom they are written." — Gttardian> 

"An admirable school book. We know of no elementary history that com- 
bines, in an equal degree, accturate knowledge with the skilful presentation 
of it.'* — British Qtiarterly Review. 

" Instead of dry details we have living pictures, faithful, vivid, and striking." 
— Nonconformist. 

EARLY EGYPTIAN HISTORY for the Young. With Descriptions 
of the Tombs and Monuments. New Edition, with Frontispiece. 
Fcap. 8vo. ^s. 

" Artistic appreciation of the pictiu^sque, lively humour, unusual aptitude for 
handling the childish intellect, a pleasant style, and sufficient leaminj^, 
altogether free from pedantic parade, are among the good qualities of this 
volume, which we cordially recommend to the parents of inquiring and 
book-loving boys and girls." — Athenctum. 

** This is one of the most perfect books for the young that we have ever seen. 
The auUior has hit die best possible way of interesting any one, yoimg or 
old." — Literary Churchman. 

HISTORICAL SELECTIONS. Readings from the best Authorities 
on English and European History. Selected and Arranged by 
E. M. Sewell and C. M. Yonge. Crown 8vo. 6j. 

" General histories are apt to be dry and meagre : but particular periods or 
subjects have been treated brilliantly and attractively by different authors. 
If these could be made to tell, by well-selected extracts, a continuous, or 
nearly continuous, tale, the advantage would obviously be great. This is 
what Miss Sewell and Miss Yonge have attempted in the volume before us. 
The extracts are well chosen, the volume is exceedingly interesting, and 
the superiority, both in the communication of permanent knowledge, and 
in the discipline of taste, which it possesses over all ordinary school his- 
tories, is enormous. We know of scarcely anything which is so likely to 
raise to a higher level the average standard of £nglish education." — The 
Guardian. 

HOLE.—K GENEALOGICAL STEMMA of the KINGS of ENG- 
LAND and FRANCE. By the Rev. C. Hole. On Sheet \s. 

— A BRIEF BIOGRAPHICAL DICTIONARY. Compiled and 

Arranged by Charles Hole, M.A., Trinity College, Cambridge. 

Second Edition, iSmo., neatly and strongly bound in cloth, 4r. 6^.» 

The most comprehensive Biographical Dictionary in £ngUsh,~-containing 
more than 18,000 names of persons of all countries, with dates of birth and 
death, and what they were distinguished for. 

" An invaluable addition to our manuals of reference, and from its moderate 
price, it cannot fail to become as popular as it is useful." — Times, 
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HOUSEHOLD (A) BOOK OF ENGLISH POETRY. Selected 

and arranged, with Notes, by R. C. Trench, D.D., Archbishop of 

Dublin. Extra fcap. 8vo. 5'''' ^^* 

" The Archbishop has conferred in this delightful volume In important gift 
on the whole English-speaking population of the world." — Pall Mall 
Gazette. 

** Remarkable for the number of fine poems it contains that are not found in 
other collections." — Excess. 

*'The selection is made with the most refined taste, and with excellent 
judgment." — Birmingham Gazette. 

y^P^^'OTV.— SHAKESPEARE'S TEMPEST. With Glossary and 
Explanatory Notes. By the Rev. J. M. Jephson. i8mo. is. 6d, 

OPPJSN:— FRENCH READER. For the use of Colleges and 
Schools. Containing a Graduated Selection from Modem Authors 
in Prose and Verse; and copious Notes, chiefly EtymologicaL 
By Edward A. Oppen. Fcap. 8vo. cloth, 4s, 6d, 

A SHILLING BOOK of GOLDEN DEEDS. A Readmg-Book for 
Schools and General Readers. By the Author of "The Heir of 
Redclyffe." i8mo. cloth. 

" To collect in a small handy volume some of the most conspicuous of these 
(examples) told in a graphic and spirited style, was a happy idea, and the 
result is a little book that we £U'e sure will be in almost constant demand in 
the parochial libraries and schools for which it is avowedly intended." — 
Educational Times. 

A SHILLING BOOK of WORDS from the POETS. By C. M. 
Vaughan. i8mo. cloth. 

THRINC—Vslorks by Edward Tliring, li.A.9 Head Master of 
Uppingham : — 

— THE ELEMENTS of GRAMMAR taught ui ENGLISH. 
With Questions. Fourth Edition. i8mo. 2s. 

— THE CHILD'S GRAMMAR. Being the substance of "The 
Elements of Grammar taught in English," adapted for the use of 
Jimior Classes. A New Edition. i8mo. is. 

The author's effort in these two books has been to point out the broad, 
beaten, every-day path, carefully avoiding digressions into the bye-ways 
and eccentricities of language. This work took its rise from questionings 
in National Schools, and the whole of the first part is merely the ¥nitin2 
out in order the answers to Questions which have been used already wim 
success. Its success, not oiuy in National Schools, from practical work 
in which it took its rise, but aJso in classical schools, is full of encourage- 
ment. 

— SCHOOL SONGS. A collection of Songs for Schools. With 
the Music arranged for Four Voices. Edited by the Rev. E. 
Thring and H. Riccius. Folio, yj. 6</. 
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EASTWOOD.^IYLY. BIBLE WORD BOOK. A Glossary of Old 
English Bible Words. By J. Eastwood, M.A., of St. John's 
College, and W. Aldis Wright, M.A., Trinity College, Cam- 
bridge. i8mo. 5 J. 6^. 

HARDWICK.—K HISTORY of the CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommunication 
of Luther. By Archdeacon Hardwick. Edited by Francis 
Procter, M.A. With Four Maps constructed for this work by 
A. Keith Johnston. Second Edition. Crown 8vo. lor. 6</. 

— A HISTORY of the CHRISTIAN CHURCH during the 
REFORMATION. By Archdeacon Hardwick. Revised by 
Francis Procter, M.A. Second Edition. Crown 8vo. lor. dd, 

MACLEAN.— Works by the Bev. G, F. Maclear, B.D., Head 
Master of King's College School, and Preacher at the Temple 
Church : — 

— A CLASS-BOOK of OLD TESTAMENT HISTORY. Fourth 
Edition, with Four Maps. iSmo. doth, 4s. 6d, 

** A work which for fuhiess and accuracy of information may be confidently 
recommended to teachers as one of the best text-books of Scripture History 
which can be put into a pupil's hands." — Educational Times. 

— A CLASS-BOOK of NEW TESTAMENT HISTORY : in- 
cluding the Connection of the Old and New Testament. With 
Four Maps. Second Edition. i8mo. cloth. 5^. 6</. 

" Mr. Maclear has produced in this handy little volume a singularly clear 
and orderly arrangement of the Sacred Story. . . . His work is solidly and 
completely ^ont. -—AtkeiuBunt. 

— A SHILLING BOOK of OLD TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo. cloth. 

— A SHILLING BOOK of NEW TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo. cloth. 
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AfACLEAJ^.—Works by Bev. G. F. Maclear, 'B.'D.'-ConHnued. 

— CLASS BOOK of the CATECHISM of the CHURCH of 
ENGLAND. Second Edition. i8mo. cloth, 2j. 6d, 

'' It is indeed the work of a scholar and divine, and as such though extremely 
simple it is also extremely instructive. There are few clergy who would 
not find it useful in preparing; candidates for confirmation ; and there are 
not a few who would find it useful to themselves as well." — Literary 
Churchman. 

— A FIRST CLASS-BOOK of the CATECHISM of the CHURCH 
of ENGLAND, with Scripture Proofs, for Junior Classes and 
Schools. i8mo. 6d, 

— THE ORDER OF CONFIRMATION. A Sequel to the 
Class-Book of the Church Catechism, comprising — The 
Service of Confirmation, Explanation, Notes, Texts, and suitable 
Devotions. i8mo. 2>^. 

PROCTER.— K HISTORY of the BOOK of COMMON PRAYER : 
with a Rationale of its Offices. By Francis Procter, M.A. 
Seventh Edition, revised and enlarged. Crown 8vo. icxr. 6d, 

In the course of the last twenty years the whole question of Liturgical know- 
ledge has heen reopened widi ^p:eat learning and accurate research, and it 
is mainly with the view of epitomizing their extensive publications, and 
correcting by their help the errors and misconceptions which had obtained 
currency, that the present volume has been put together. 

PROCTER and MACLEAR.—K^ ELEMENTARY INTRODUC- 
TION to the BOOK of COMMON PRAYER. Third Edition, 
re-arranged and supplemented by an Explanation of the Morning 
and Evening Prayer and the Litany. By the Rev. F. Procter 
and the Rev. G. F. Maclear. i8mo. zr. dd. 

PSALMS of DAVID Chronologically Arranged. By Four Friends. 
An amended version, with Historical Introduction and Explanatory 
Notes. Crown 8vo., lOr. dd. 

" It is a work of choice scholarship and rare delicacy of touch and feeling.'' 
— British Quarterly. 

RAMSA K— THE CATECHISER'S MANUAL ; or, the Church 
Catechism illustrated and explained, for the use of Clergymen, 
Schoolmasters, and Teachers. By Arthur Ramsay, M.A. 
Second Edition. i8mo. \s. (yd. 

SIMPSON.— A^ EPITOME of the HISTORY of the CHRIST- 
IAN CHURCH. By William Simpson, M.A. Fourth 
Edition. Fcap. 8vo. 3^, 6d. 

SWAINSON.—A HAND-BOOK to BUTLER'S ANALOGY. 
By C. A. SWAINSON, D.D., Norrisian Professor of Divinity at 
Cambridge. Crown 8vo. \s. 6d, 
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WESTCOTT.—K GENERAL SURVEY of the HISTORY of the 
CANON of the NEW TESTAMENT during the First Four 
Centuries. By BROOKfe Foss Westcott, B.D., Assistant Master 
at Harrow. Second Edition, revised. Crown 8vo. 10s. dd. 

The Author has endeavoured to connect the history of the New Testament 
Canon with the ^owth and consolidation of the Church, and to point out 
the relation existing between the amount of evidence for the authenticity 
of its component parts and the whole mass of Christian literature. Such a 
method of inquiry will convey both the truest notion of the connexion of 
the written Word with the living Body of Christ, and the surest conviction 
of its divine authority. 

" Mr. Westcott's ' Introduction to the Study of the Gospels,* and his * History 
of the Canon* are two of the best works of the kind to be found in any 
literature, and exhibit the solidity of English judgment in combination 
with a fulness of learning which is often assumed to be a monopoly of the 
Germans.'* — Daily News. 

— INTRODUCTION to the STUDY of the FOUR GOSPELS. 
By Brooke Foss Westcott, B.D. Third Edition. Crown 
8vo. 10^. s6d. 

This book is intended to be an Introduction to the Study of the Gospels. In 
a subject which involves so vast a literature much must have been over- 
looked ; but the author has made it a point at least to study the researches 
of the great writers, and consciously to neglect none. 

— A GENERAL VIEW of the HISTORY of the ENGLISH 
BIBLE. By Brooke Foss Westcott, B.D. Crown Svo. lor. 6d. 

** The first trustworthy account we have had of that unique and marvellous 
monument of the piety of our ancestors." — Daily News. 

— THE BIBLE m the CHURCH. A Popular Account of the 
Collection and Reception of the Holy Scriptures in the Christian 
Churches. Second Edition. By Brooke Foss Westcott, B.D. 
i8mo. cloth, 4J. 6d, 

— THE GOSPEL of the RESURRECTION. Thoughts on its 
Relation to Reason and History. By Brooke Foss Westcott, 
B. D. New Edition. Fcap. Svo. 4J. 6d, 

WILSON.— Ki>i ENGLISH HEBREW and CHALDEE LEXI- 
CON and CONCORDANCE to the more Correct Understanding 
of the English translation of the Old Testament, by reference to 
the Original Hebrew. By William Wilson, D.D., Canon of 
Winchester, late Fellow of Queen's College, Oxford. Second 
Edition, carefully Revised. 4to. cloth, 25^. 

The aim of this work is, that it should be useful to Clergymen and all per- 
sons engaged in the study of the Bible, even when they do not possess a 
knowledge of Hebrew ; while able Hebrew scholars have borne testimony 
to the help that they themselves have found in it. 
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ARNOLD,— K FRENCH ETON ; or, Middle-Class Education and 
the State. By Matthew Arnold. Fcap. 8vo. doth. 2j. 6</. 

'* A very interesting dissertation on the system of secondary instruction in 
France, and on tne advisability of copying the system m England."— 
Saturday Review. 

— SCHOOLS and UNIVERSITIES on the CONTINENT. 8vo. 
lor. (yd. 

BLAKE.— K VISIT to some AMERICAN SCHOOLS and COL- 
LEGES. By Sophia Jex Blake. Crown Svo. cloth, dr. 

" Miss Blake gives a living picture of the schools and colleges themselves, in 
which that education is carried on.'* — Pall-Mall Gazette. 

ESSAYS ON A LIBERAL EDUCATION. By Charles Stuart 
Parker, M.A., Henry Sidgwick, M.A., Lord Houghton, 
John Seeley, M.A., Rev. F. W. Farrar, M.A., F.R.S., &c., 
E. E. Bo WEN, M.A., F.R.A.S., J. W. Hales, M.A., J. M. 
Wilson, M.A., F.G.S., F.R.A.S., W. Johnson, M.A. Edited 
by the Rev. F. W. Farrar, M.A., F.R.S., late Fellow of Trinity 
College, Cambridge ; Fellow of Kling's College, London ; Assist- 
ant Master at Harrow ; Author of ** Chapters on Language," &c., 
&c. Second Edition. Svo. cloth, lOir. oi/. 

FARRAR.— O^ SOME DEFECTS IN PUBLIC SCHOOL 
EDUCATION. A Lecture delivered at the Royal Institution. 
With Notes and Appendices. Crown Svo. is. 

TURING.— EDV CATION AND SCHOOL. By the Rev. Edward 
Thring, M.A., Head Master of Uppingham. Second Edition. 
Crown Svo. cloth. 6j. 

yOl/MANS.— MODERN CULTURE : its True Aims and Require- 
ments. A Series of Addresses and Arguments on the Claims of 
Scientific Education. Edited by Edward L. Youmans, M.D. 
Crown Svo. Ss. 6d. 

HIATUS : THE VOID in MODERN EDUCATION, its CAUSE 
and ANTIDOTE. By Outis. Svo. &r. 6«/. 
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